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> /B2Mib Q7 JQMi2 * "HQ Q#D2+iBp2b, i?2 T i?rBb2 2biBK iQ"-
2biBK iQ° TTHB+ #H2 iQ 2T ~ K2i2'Bx #H2 /Bbi B#miBQMb M/
KiQ -r?B+? BbKQ 2rB/2Hv TTHB+ #H2 #mibmz2 b 7' QK ?B;? |
+QMi"QHp "B i2b+ M #2 /2bBdMr2/ KBAM T? Zi2Mi MQp2H +QMi Q
7Q°i?2b+Q°2 7mM+iBQM 2biBK iQ X

JQMi2 * "HQ K2i?Q/b Qz2° M2H2; Mi 7" K2rQ ' FiQ i /2 +QKTn
2biBK iBQM ++m" +vX LQM2i?2H2bb- BM i?2 + b2 Q7 +QKTH2t
Tmi iBQM "2bQm +2b "2 +QMbi°> BM2/- M/ bi M/ "/ JQMi2 * "HQ
p B M+2X AKTQ'i M+2 b KTHBM; Bb bQHMIBQM iQ i?Bb T Q#H
M /2[m i2 T°QTQb H/Bbi B#miBQM Bb biBHH "2[mB 2/X h?Bb r|
+? Ti2 ' -BM r?B+?r2 rBHH /Bb+mbb H i2Mip "B #H2 KQ/2Hb M/
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AM i?Bb +? Ti2 -r2 bim/vi?2 T"Q#HRK2Wi PMRZHFEHHX BAMi2Mi
p "B #H2b 2 mMQ#b2'p2/ p "B #H2b M/ H i2Mi p "B #H2 KQ/2F
T°Q+2bb /2}MBM; /B 2+i2/ H i2 KTOR iTR2Q#D2 p bBQMX AM@
72°2M+2 +QMbBbib BM B/2MiB7vBM; i?2 "2p2°'b2 T'Q+2bb, [m M
MMQ#b2 p2/ p "B #H2 ;Bp2M M Q#b2 p2/ p "B #H2X M HviB+ |
H2K "2 ;2M2° HHv BMi® +i #H2X AMbi2 / Q7 bQHpBM; H2 "MBM;
KQ/2Hb 2t +iHv-
& B iBQM H K2i?Q/b +QMp2'i +QKTH2t T'Q#H2K BMiQ bBKTH2"
bBKTH2 T Q#H2K Bb ;2M2° HHv +? *~ +i2'Bx2/ #v [2+QmTHBM; Q7 i
BMi?2 Q' B;BM HT Q#H2KX h?Bb /2+QmTHBM; Bb +?B2p2/ pB M 21t
iQ BM+Hm/2 //BiBQM H T ™ K2i2'b- FMQrM b p "B iBQM H T K2i2°
iQ i?72 T'Q#H2K 6i 2QMYX M 2i HX RNNN

AM i?2 7TQHHQIBM: b2+iBQMb- r2 #2;BM rBi? M BMi'Q/m+iBQM
#27Q°2 /IBb+mbbBM; i?2 iQTB+ Q7 p "B iBQM H BM72 2M+2X @2
Q#D2+iBp2b- r?B+? HH + M #2 TTHB2/iQ H2 "M H i2Mi p "B #
HBF2HB?QQ/ 2biBK iBQMX q2 +QM+HmM/2 rBi? /2 °BpBM:; ;" /B2Mi
Q#D2+iBp2b mbBM; i?2 JQMi2 * "HQ K2i?QKK T 2b2Mi2/ BM *? Ti

-BUFOU 7BSJBCMF .PEFMT

g2 +QMbB/2° M Q#b2 p #H2 X QKR POB #KR2M2 M mMQ#b2 p2/
CM/QKp "B AHRM2/ QM H i2BinBT?+2 BQ " /Bbip B ¥ iRQ R} M 2

i?2 /2+Q/2° Q7 i?2 ;2M2  iBp2 KQ/2H b +QMXBiBR®Mh MB/Bbi B4
“2bmHib BM H i2Mip "B #H2 ;2M2" iBp2 K®/QHBHPRi "B#2 i BQ M, #V

p(x;2):=p(Kxj2)p(2): UjXRV

Hi?Qm;? i?2 pz Bb#MIQi Q#b2 p2/- T'BQ" FMQrH2/;2 #Qmii?2 i °
T Q+2blp,; i (xX) + M #2 2M+Q/2/ rBi? M /2[m i2 Z2?>-QIBBHH 7 bT +2
M/ /12+QE2Zjx) X

J ;BM H GBF2HB"™Q@QBMi /Bbi'B#miBQM /2b+ B#2b ;2M2" il
i"QHH2/ #v T ° KiZid  HHQrb }'bib KTHBM; H i2Mi 2T 2b2Mi il
;2M2° iBM; +Q "2bTQM/BM; Q#b2 p iBQMX 1p2M rBi@2)-bBKTH2
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i?72+QmMTHBM; /2b+ " B#2/ #vi?2DQBMIBBBHTIBBMIBQMHHBM; KQ 2 +
TH2t /2MbBiB2b BM i?2 Q&b pB MBQEBMTHBR iBQM Q7 i?2 H i2Mi p
z2Z X h?Bb +Q "2bTQKM/hBR IRHBF2HB?QQ/
z Z
p (x):= p (x;z)dz = p (2)p (x]jz)dz: UjXkV
z z

h?2 K ;:BM H HBF2HB?QQ/ + M #2 miBHBx2/ i QR TKBBErXKi?2 T °

HBF2HB?QQ/2biBK iBQMX J ;B (8 BXOBI7iQM2B KT DHEBFH2X LQM
H2bb- r2 "2+Q;MBx2 BM IPMIiBOMHQ Q#D2+iBp2- 7Q  r?B+? bQH
TT QtBK i2 BMi2;" iBQMXBM *? Ti2"

TT QtBK i2 AM72 2MFD i M+2 b KTHBR YaR#B NHB2/ iQ 2biB@
Ki2i?2K “;:BM HHBF@WBMQO/KTH2 7°QK T QT Q)X /lBb3 B#miBQ
/Bbi'B#miBQM KBMBKBXBM; i?2 p "B M+2 Q7 M BKKIX@, i M+2 b KTF

p P (Xj2)p (2)

P (xiop @z P EIx): VIxjv

®(2) :=

h?Bb +Q "2bTQNODIQIBAI B#m(BQM r?B+? +QMM2+ibi?2 ;2M2" iBy
KQ/2H M/ i?2 K ";BM H HBRZHB?@@24eR (z) = p (2] x)p (X) VX
LQM2i?2H2bb- i?2 TQbi2 ' BQ /Bbi'B#miBQM /2T2M/b QM i?2 K ;B
Bb Bib2H7 BMi~™ +i #H2X o "B iBQM HBM72°'2M+2 +QMbBbib Q7 n
M //BiBQM H T "-Kxi2#®/ B iBQM H T-rRBi#2Z T ~ K2i2'Bx2b M
TT QtBK i2 TQp(2j B AM i?Bb i?2bBb- i?2 TT QtBK i2 TQbi2 'BQ
K2Mi2/ mbBM; /22T M2m™ H M2irQ ' Fb M/ BbBR2I 272N 2217224t Q2 /Fi Q

AM i?72 TQHHQrBM; b2+iBQMb p r2B/ 2B (B K2ZntHBR2HA? i + M #2
MmiBHBx2/ iQ H2 "M i?2 BM72°2M+2 M2irQ'F DQBMiHv rBi? i?2 ;2N\
2K BMBM; *? Ti2 b-r2 rBHH bim/v i?2b2 Q#D2+iBp2b M/ TTHv i
Hi2Mip "B #H2 KQ/2HbX

Hi2"M iBp2 TT ' Q +?2b- MQi bim/B2/ BM i?Bb i?2bBb- 2tBbi M
iBp2bX h?2v BM+HmM/2, JQMi2 * "HQ 2biBK iBQMLQT2H72iBQM @ BQ"
J tBKBx iRQMV H;Q BXKIWi2 - G B /- M/ _nv#B/2bBNMBM; i?2
;2M2° iBp2 KQ/2H mbBM; BMp2 iB#H2 iBWbD-7Q0R HBQBM-bFU ~aBrd- N
"2M;BQ NyQU+QMbi® BMBM; i?2 TT QtBK i2 TQbi2'BQ iQ bBKTH
#miBQM U/BzmbB@M K@/IZHbM/ ##¥YXH kyky

&WIEFODF -PXFS #PVOE

AMp "B iBQM HBM72 2M+2-r2b22F M Q#D2+iBp2i? i HHQrb 7Q"
HBF2HBOKMIQ/HB; MBM; i?72 TT QtBK (23 M)QBi2 IRQT m2 TQbi2 BQ"
p(zjx)X q2 #2;BM #v BMi"Q/m+BM; bi iBbiB+ H/Bbi M+2 iQ K2 bm
#2ir22M irQ /Bbi'B#miBQMbX



&WJIEFODF -PXFS #PVOE

a? MMQM 2Mi'lQTX 2Mi " QTv- /EMQIRBMIi Q/m+w2/ MW QM URN93V
iQ [m MiB7v i?2 T 2/B+i #BHBiv BM7Q K iBQM Q7 ~ M/QK T Q-
BM7Q K iBQM +QMi2MiX h?2 a? MMQMrBWi /8 i/ BBM)BEEM#H 2
MQM@M2; iBp2 p Hm2 /2}M2/ b

X
H(p) := p(x) log p(x) : Ujxov
x2X

h?2 EmMHH# +F@G2B#H2  UEGV /Bp2 ;2N=2H Q¥ T ZH NB pR2BMH ¢
RNYRK2 bm 2b i?2 /Bz2 2M+2 BM BM7Q 'K iBQM +QMi2Mi #2ir22
irQ /Bbi B#ufx)B®IM(X) #Qi? /2}M2{ @M +? ifx)=0 r?2 @x)=0 -

i72 2H iBp2 2MipQQy /2}MR/ b

X X
De (akp) = q(x)log XX . ujxsv

ox ax)

h?2 EG /Bp2 ;2M+2 /2}MBbiBIpiBBH /BpBi Bb+EBY MOQM@M?2; |
DkL(dgkp) O- UBBV [//BiBp2, 7Q irQqkBbigR#pd8 QMip(x) =

P1(X)p2(X) -Dke (Gkp) = Dii (akp1) + D (cekp2) - M/ UBBBV Bb 2[m H iQ x2°Q
Q M Hy=Bg/X

0 B iBQM HQ#DR?PBRTIBK Hp "B iBQM H(ZBb)i *BM ¥ 2BXPND b 2 M
bi?2 /Bbi'B#miBQM rBi? i?2p 'B iBQM HT > K2i2 i? i KBMBKB

Z
Dke (@ (zj2)jip (zix) = Zq(ZJ’X)(lO@Jq(ZiX) logp (zjx))dz UjXe V
p (x;2) .
=lo X Ey (i lo - UjXe#V
gp() q (zjx) gq(ZJX) J

_2KQpPBM:i?2 MQM@M2; iBp2 /Bp2 jR&MB-2H7bQ KH I n® B2 HB 2 Q C
#QmMM/X h?BB B/ 2MVe+2 HQrY1BIRMWH /2N QMY//2}M2/ b,

p (X;2)
q(zjx)

h?2 1G"P b iBb}2b #Qi? Q7 i?2 H2 "MBM; "2[mB 2K2Mib, Bi
i72 K ;BM H HBF2HB?QQ/ UHQr2" #QmM/V M/ HHQrb KBMB
ir22M i?2 i'm2 TQbi2"'BQ™ M/ i?2 TT QtBK i2 TQWRX)BQ Q#b2"
rr- Dk ((zj2)jjp(zjx) X 6m i?2 ' KQ '2-Bi+ M #2 /2+QKTQb2/ BMiQ
reB+? "2 BMbB;?2i7TmH 7 QK M miQ@2M+Q/BM; T2 ' bT2+iBp2,

L(x) := Eq (zjx) log logp (X) : ujxdv

L(x) = |Eq (zi%) ['?gp (XJ'Z); D| ke (d (ZE7X)|<I0 (Z)¥ 1 Ujx3v

U \feconstruction U " Yegularization
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*NQPSUBODF 8FJHIUFE #PVOE

b /B'2+i+QMb2[m2M+2X@T2AMGBRQMB;Mb rBi?i?2K “;BM HHBF2}
B7 M/ QM KEx)BT7p (zjix) M/ i?Bb /Bz2'2M+2 2[m Hbi?2p Hm2 Q7 i?2/
Dk (g (zj2)jip (zix)) X AM bQK2 + b2b-i?Bb /Bp2°;2M+2 KB;?i#2 H ;2 M
K tBKBxBM;i?2p "B iBQM H#QmM/ KB*?i#2 BN Bz2#iB.p2oQ &2 2/
kyRBQ™ bim/vQQMi?BbiQTB+VX

AKTQ'i M+2 b KTABIME2+RBEM Bb+mbb2/i? i BKTQ i M+2 b KTHBM
pB/2b mM#B b2/ 2biBK(i2R)y MEBMTQb H /Bbi'B#miBQM- i?2 HQ; K
HBF2HB?QQ/ + M #2 2tT 2bb2/ bqNePtT,2+i iBQM Qp2°

p (X;2)

logp (x) =log Eq (zjx) m

UjXNV

"2+ mb2 QB 7TMM+iBIQ®b KTH2 JQMi2 * "HQ 2biBK jEN®F 1[m iBQ]
:2M2° HHv #B b2/ UC2Mb2M&b BM2[m HBivV- MQM2i?2H2bb- Bi +C
HBF2HB?QQ/ BM 1?2 2- BBKBQMi  bi rBi? i?2 1G"PX

hB;?i2° p "B iBQM H #Qn@b KTH2
JOQMi2* "HQ 2biBK i2 QX K2 MMiBQi M2

BKTQ i M+2@r2B; M2/ #QmKhbb2- M/
aHF?mi/BM@p kyRe

" #

LKx):= E i |iX< (X Zi
(%) = Eq (zux ix) 09« w. (X;z)
i=1
UjXRyV

r?22 23« = fzg;:::;2z¢g Bb b2i Q7 JQMi2

* "HQ b KTH2b /> gNe7XQ KA/ rBi? BK@

TQi M+2 r@B;(Xiz) := p (X;2)=q (z;x) X

h?2 BKTQ'i M+2@r2B;?i2/ #QmM/ MQM@/2+°2 bBM;

rBiZK M/ 2K BMb  HQr2' #QmM/ Q7 i?2

K “;:BM HHBF2HB?QQK 7Q, HH p Hm2b
6B;m 2 jXRyvQM/ i?2 1G"P,

L(x) LX) L *7(x) logp(x): UjXRRRB;?i2" 2biBK iBQM Q7 i?2 K ";BM
HBF2HB?Q ®&/>mhBMIMi2

h?2°27Q°2- mbBM; BKTQ'i M+2@3E2h2K TA‘S? bBM; i?2 BKTQ

‘m > Mi22b 2biBK iBM; i?2 K ° BM'W?{B%:BQQ b2 ) M/

KQ 2 iB;?iKVlb - M/+Q“2bTQM/b|Q|?2

1G"P BAM=1 Ub22 6BjpR2
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/7BSJBUJPOBM 3/A£0Z2J #PVOE

_OMVB 2Mi'QAWM a2+ilBQ® BMi Q/m+2/

a? MMQM 2Mi'QTv b K2 bm'2 Q7 i?2 BM7Q 'K @

iBQM +QMi2Mi BM?2°2Mi iQ T Q# #BHBiv /Bbi ' B#miBQMX
_OMVB UR2MRVHBx2/i?2 MQiBQM Q7 2Mi'QTv iQ

rB/2° +H bb Q7 K2 bm 2bX :Bp2M- T ° K2i2"

i?2 _GMvVB 2Mi"QTv Bb /2}M2/ b

X

p (X) UjXRkV
x2X

H (P g

7Q61 M/ Bib/2}MBiBQM Bb 2ti2iM/2/ BM
+QMiBMmMBiv bi?2a? MMQM 2Mi " QTv,
6B;m 2 [ XKMVB 2MH QTv
H -1 (p):=lim H (p)= H(p): UjXRj¥2 bm'2/ 7Q°  "2°MQmMHHB /Bl
t1 #miBQM rBi? T ~ KDi2'X

h?2 GMVB 2Mi'QTv Bb K2 bm'2 QﬁM%H\QA?%i@éﬁ&W?ZQZ'Eﬁ S?Hr':z@
> 0 #mi Bb +QMbi MOXQAM };0X2 ~ 15 g 1Bz2 2Mi mM+2i BMi
r2 BHHmbi" i2i?2 _aMvB 20M# RINTMD \igy+ iBOM T Q}H2bX
"2MQMHHB /Bbi"B#miBQM [BI|XT ~ K2i2"

6B;m" 2 j%BiiBM; KmHiB@KQ/ H(zB hiBB#WiB®M : mbbB MyKD/2H
#v KBMBKBXxBM; i?2 _OMDB(dEp27 @MprBm2b5yQBHmM2 IR M/
VX IbBM;y H2 /b iR2 M b22FBM;pBQmMR H2 /bbiZ2FBM; i? X KQ/2

_OMVB /Bp2 ;2MBRBH "HviQa? MMQM 2MiX®-Ti?Q 1 [orM vB@W i Q Tv
+ M #2 TTHB2/iQ /2}M2/ bi iBbiB+ HMBBRZ2B,R2M+2MA22 b

z )
log  qx) 20 gy UjXROV
X

a(x)

7Q°61 M/ 2ti2M/2/ #v +QMiBMABEiI¥2BMBi +Q "2bTQM/b iQ i?2
/IBp2 ;2M+2 UljX8XBIQM _GMvB /Bp2 ;2M+2 Bb bi iBi®d+ H/Bp2
M/ r?22 22 (gkp)j <1 X b BHHmbi" i2/ BM RBMBRBXxBM; i?72 _0M\
IBp2 ;2M+2 #2ir22M irQ /Bbi'B#miBQMb H2 /b iQ /Bz2 2Mi bQH1

D (qkp):=

1
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+?7QB+2XQ6Q° 1- KBMBKBXBM: i?2 OMVB /Bp2 ;2M+2 H2 /b iQ K i+
KQ/2 Q7i?2/Bbi B#miBOBIXAQYDiQ +Qp2 'BM;i?2r?QH2i *;2i/Bbi’

_GMVB p "B iBQM H WZTOMM/B/2M+2 HQr2  #QmM/ "Bb2b 7 QK ii2K
KBMBKBxXx2 i?2 EG /Bp2 ;2M+2 7°QK i?2 i'm2 TQbi2 ' BQ  iQ i?2 T-
Ua2+iBQM MQi?2 p 'B iBQM H #QmM/ + M #2 Q#i BM2/ mbBM; i?2
D (g(zjx)kp (zjx)) BMbi2 / Q7 i?2EG /Bp2 ;2M+2KMPB p2BnHBiQ M ;H
#QmM/o0"V Bb /2}MZB bWU hm M ,kyRe
1 h [
L (x)::lilogEq @iy W (Xi2) UjXR8V

7Q0°61 M/ /2}M2/ BN #v +QMiBMmMBi) & lim | 1L (x) = L(x)-

r?2°R(x) Bb i?2 bi M/ */ 2pB/2M+2 HQr2" #jQmX1/hP2[mo I'BEM
+QMiBMmMQmb M/ MQM@/2+ 2 MBMQBWVMMBIRQMBQZ i?2 K “;BM H F
HBF2HB?QQUXBMmMKK "BxBM: i?2 #Qp2 BM7Q K iBQM- i?2 0" +Q
1G"P M/i?2 K “:BM HHBF2HB?QQ/i?°Qm:?i?27Qm  7QHHQrBM;

L =1 (x)=L(x) L - (x)=log p (x) UjXRe V
L o(x) logp (x) L o(x) logp (x): UjXRe#V

AKTQ'i M+2 r2B;?i2/ OMVB ANDIOMWI2" H- i?2 0" ? b MQ +HQb2/@
bOQHMIBRY KTH2 2biBK i2 Q7 i?2 0" VB2H/b BAJIQ2 MOI@/- i?
r2B;?i2/ _OMvBUSAQMW- r?B+? Bb /2BM2/b7 Q"
" #

K — 1 1% 1 . H
L®(x) = TEq (zuw ) 10g— Wl (X;Z) UjXRdV

K i=1

h?2 /2}MBIiBQM Q7 i?72 Aq_ #QmM/ Bb
i2M/2/ BM1 #v +QMiBMmBiv rBi? i?2
Ag #QmM/ Ul[mXiB®Mh?2 #QmM/

b iBb}2bi?2 7TQHHQrBM; T'QT2 iB2b,

CL(x)= LK™ -

Climgn L%(X)=1L (x)-

CMQM@/2+ KbBM;}BM 1-
CMOM@BM+¥ B M)t BML-
C+QMiBMmQmb M/ MQM@BM+ 2 bE

h?2 Ag_"Bb mb27mHiQQHIQM pB; i
ir22Mi?21G"P M/i?2HQ;@HBF2HB?C
6B;m 2 jXI922 BKTQ i M+2 r2BQRIZQHHBM; iR2 MHBP, Q7
_OMvB #QmM/ UAg_"V b 7TmMHBBAMEI7 i22?22 +Q "2bTQM/BM; k. b
T K2i2'd[0;1]] MK 1X BM 6B ;ji %X
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(SBEJFOU &TUJIJNBUJPO

AM i?Bb b2+iBQM-r2 /2 °Bp2i?2 ;" /IB2Mib Q7 i?72 Aq_"rBi? "2bT:
U M/ V M/ T 2b2Mi +Q "2bTQM/BM; JQMi2 * "HQ 2biBK iQ bX h
i?72 Ag" b bT2+B HOGW24hii?2 ;" /IB2Mib Q7 i?2 1G"P M22/iQ #2
b2T * i2Hv- b i?2 Aq_" Bb 2+ti2My2/BWiBMmBivX

*83# QBSBNFUFS
h?2 ;" /IB2Mi Q7 i?2 Aq_"rBi? ®2MT22R2itQ 2bb2/ b,

#
K = 1% 1 . .
r L (x)—1 I Eq (zujx) IOgK weo (X5zi) UjXR3 V
" i=1 4
1 1 X .
=7 Baxio I 100wy (Xzi) UjXR3#V
i=
P #
-1 o W (xiz) UjXR3+V
- q (z1:k jX) Lag
! i Lowh o (xz)
X N .
=Bq (@i W, (GZ)r logp (x;zi) UjXR3/V
i=1
r?2°2 BMi?2 H bi HBM2 r2 mb2/ i?2 b+Qlogp7(m;k) =i p(x;;)z I2MiBiv

M/ +QM+HmM/2/ mMbBM; i?2 2tT 2bbBQM Q7 i?2 b2H7@MQ K HBXI

Ay wl o (x;2)
w ’

(X;2) = P UjXRNYV

i0=1 WJ;' (X; Zjo) .

h?2 ;" /BR2Mf(x) Bb M 2tT2+i2/p Hm2 rBi? "2bT2+iiQi?2 TT QtBk
g2 + M #2 TT QtBK i2/ mbBM ;K @b7 RFHHDIBMj2 * "HQ 2biBK iQ"

N o= W (Gzr logp (X:zi); zik Q (Zak jX): UjXkyV

*83# QBSBNFUFS

S i?rBb2 2biBK iAM i?2 + b2 Q7 2T ~ K2i2 'Bx ¢kX)/BDQB#miB(
BMbi M+2 : mbbB M /Bbi" B#miBQM rBi? /B ;QM H +Qp "B M+2
T K2i2°h +QM/BiBQM2/ DBb # b2 /Bip{)B#MiiBRMVM gi B ?

i? 11?22 T °Qz+2hlhzjx) M/ p();z=9g(z) "2 2[mBp H2MiX h?2°27Q 2.
T i?rBb2 2biBK iQ WaRMBQ@MTTHB2/ iQ i?2 ;" /B2Mi rBi? "2bT?2
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p "B iBQM HT ~ K2i2°'X h?2 T i?rBb2 ;" /IB2Mi Q7 i?2 Aq_" Bb,

#
K 1)6 1 .
r L (X):l r Ep( we) |09i wr o (x;9 (i) UjXkR V
" i=1
#
1 1 X
=7 Bo(u) T ologi Wi (69 (1) UjXKkR#V
i=
" P « 1 #
r Sowt o (x; -
= S PKI_ll' 0o (1) UjXkR+V
1 . owto(xig (1)
X N1 . .
= Bp( ) w. (x;z)r logqg (g (i)jx) ; UjXKR/V
i=1
r?2B+? + M #2 2biBK i2/ mbBM; i?2 7TQHHQrBM; JQMi2 * "HQ 2biBK i
pathwise X N i .
N = wr o (X;zi)r logq (9 (i)ix); 1k P( k) UjXkkV
i=1

a+Q 2 7TmMM+iBQM 2bHBXK ;iQ/B2Mi Q7 i?2 Ag_" rX XiX i?Q7T ~ K2i2"
i?72p "B iBQM H /Bbi'B#miBQM Bb Ub22 /2 Bp iBQM BM i?2 #Qt #2F
#

X
r L) = Eq (zucjn) logZ (xj z1:x) AWl (x;z) r logq (zjx)
i=1

UjXkjV
r?22°2r2BMi"Q/m+2/ K ";BM HHBF2HB?QQ/=DbiBX} M2/ nbM#B b2/ 7
I g
. 1 .
2 (xjzik)= - who(xz7) : UjXk9V

K i=1

K@b KTH2 JQMi2 * "HQ 2biBKjkk@RF2HM iB@R 2 7mM+iBQM 2biB}
Ub22 a2 «VBQM

e = (dy (X;zak) € (x;z ) r logq (zijx); zuk 9 (ZjX):
i=1
| UjXk8V
r?2°2
di (zak)=log 2 (xjzak) W (x2) UjXkeV

M/ r?2¢2Ax;z i) Bb # b2HBM2 7TmM+iBQM /2}MBM; +QMi'QH p ‘B iz

X
(zyk) = c (x;z i)r logq (zi jX); Eq zuixy[ (zzk)]=0: UjXkdV
i=1
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. 4
1 X

rBq ki) 1093w,

i=1

ro LX) = (x;zi)

1

1 1 X
= —/—log— w. (x;zi)r g (zik jXx)dz

z X
1 . 1 1
+ 17q (za:x JX)r IogK w. o (X;zi)dz

2 i=1
=Eq (20 2 (Xjzuk)r logq (zuk jx)
X 1 -7
1 row. (x;z)
+ Eq (z1:k i%) 1 P K 1

" i=1 jog W (X:Zjo) ,

=Eq (234 i) log2 (xjzix) W' (x;z) r logq (zijX)

i=1

UlbBM; i?2 Br2MiBix;z)=(1 W (x;zi)r logw; (X;zi) XV

+QMi'QH p B @Wi QHp "B i2b+ M#2 /2bB;M2/BM Mvrv bHQM
p "B i2(zix) ? b x2°Q 2tT2+i iBQM Q° TQbBiBp2 2z2+i QM i?2 H:
S'2pBQmb "2b2 "+?27Q+mb2/ QM /2bB¢cNXBM;) #?bR2 HEMQtBKM2iB QI
i?72 T 27 +iQd;i’Kix) b ++m” i2Hv b TQbbB#H2X

AMi?2p "B iBQM HBM72 '2M+2 HBi2  im 2-r2}M/# b2HBM2b .
M2m™ H M2irQ RIUIBXAGH : 2;Q KyRBD2HBM2b i? i "2+v+H2i?2p

i? i 2tTHQBI i?2 ;" /B2Mi Q7 i?2 T i?rBb2 2biBK2i Qi UHX"kyR d

_1G s i?2rQ?H 21 HXXKARMMB*? dIUS T2V-r2 BMi Q/m+2 PoAa- M2
2biBK iQ i? i 2ti2M/b 0AJ*P rBi? KQ 2 QTiBK H# b2HBM2X

&-#0
h?2 ;" /B2Mi Q7 i?2 1G"P rBi? "2bT2+i i®b?%22 T ~ K2i2°

" #
r L(x)=Eq z0k) o r logw. (x;zi) : UjXKkNV
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h?2 ;" /IB2Mi Q7 i?2 1G"P rBi? "2bT2+ii@b22 T ~ K2i2"

r LX) =r Eq @y llogw; (x;2)] UjXjy Vv
=Eq (zjx) [(logw; (x;2) 1)r logq (z]x)] UjXjy#V
=Eq (zjx) [logw; (x;2)r logq (z ] x)] 4 UjXjy+V

1 X . .
=Eq @i o logw; (x;zi)r logq (zijx) UjXjy/Vv

i=1

AM i?2 #Qp2- r2 mb2 iB2,B/RMoBaUzjx)] =0 X r2 bT 2 i?22 2 /2"
7 QK i?2 2tT 2bbBQMb Q7 i?2 +Q "2bTQM/BM: JQMi2 * "HQ 2biBK
Q#i BM i?2K Bb bBKBH ~iQ i?2 QM2 7QHHQr2/ BM i?2 + b2 Q7 i?2 A

$PODMVTJIPO

g2 ? p2 BMi"Q/m+2/p "B iBQM HBM72 2M+2- K2i?Q/i? i bBBKTHB
H2K #v m;K2MiBM; Bi rBi? //BiBQM H T ° K2i2 bX h?2 //BiBQM |
iBQM H T~ K2i2 VT  K2i2'Bx2b M T (QitBK i2B+@b+2MBHE2
mb2/iQ /2}M2 HQr2  #QmM/b Q7 i?2 HQ; K “;BM H HBF2HB?QQ/X h
Q#D2+iBp2b 2M #H2DQBMii° BMBM; Q7i?2:2M2" iBp2 KQ/2H M/ i

g2 T°2b2Mi2/ 7Qm  p "B iBQMb Q7 p "B iBQM H Q#D2+iBp2b, i?2
ULG"PV-i?2BKTQ i M+2@r2B;?i2/ #QmM/ UAQ"V-i?2 OGMvVB p "B i
M/ BKb@b KTH2 2biBK i2-i?2 BKTQ i M+2@r2B;?i2/ _aMvB #QmM/
/2 Bp2/; /IB2Mib Q7 i?2 1G"P M/ : /B2Mi 2biBK iQ b 7Q  i?2 Aq_"
i?2 Aq" b bT2+B H + b2X

AM *? Té2i2 rBHH T 2b2Mi MQp2H +H bb Q7 +QMi"QH p "B i2b 7C
2biBK iQ Q7 i?2 Aq"X AM27BHM /Bb+mbb i?2 mb2 Q7 i?2 0"iQ QT
/22T H i2Mip "B #H2 KQ/2Hb KQ 2 2z2+iBp2HvX
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AM i?Bb +? Ti2 -r2 BMi'Q/m+2i?2irQ K BM +H bb2b Q7 i2ti ;2M
BM i?2 "2K BMBM; +? Ti2 b, i?72 0 "B iBQM H miQ2M+Q/2° M/
+QMbB/2'BM; #Qi? i?2 miQ 2;'2bbBpX W/BK BR2Ti2 " BQRib X Qi
+Qp2° Qi?2 ;2M2° iBp2 KQ/2HBMM+2QBHQ@tBUFbhi2BM-cM/ "2M;
EBM;K M/ .? "Br MN-k2M2 ;v@# b2/ KQ2ZHHW2 i H&GGy M

2i HX MyM/ /IBzmbBQM>KQQ /QHbMU M/ ##EBMyky a HBK Mb-

SQQH2- 21 WX AMKR?2 TQHHQrBM; b2+iBQMb-r2 +QMbB/2" i?2 T
M Q#b2 p #H2xpUBX#K2BK ;2-i2tiV rBi? p/@pbX BEmHRMb2b- r2
bbmK2 i?2 KQ/2H iQ #2 T ° K2i2 ' Bx2/ #v /22T M2m > H M2irQ Fb>

/BSJBUJPOBM "VUPFODPEFST

6Q° imiQ'BHQMOo B iBQM H miQ2M+Q/2 b- b22
‘Bi?m#X+QKf.22TG2 "MBM;.hlfyk98e@/22T@H2 "MBM;@rBi? @
#HQ#fK bi2 fdnIMbmT2 pBb2/

dXk@1s1@p "B iBOQM H@ miQ2M+Q/2 XBTVM#

h?2 0 "B iBQM H miQ2MEGM KUOM- q2HHB& ; 2k2RE2- JQ @
2 K2/- M/ qB2 biVIBbBROH i2Mip "B #H2 KQ/2H T ~ K2i2 Bx2/ #v
M2irQ FbX Ai +QMbBbib Q7 pdVM2= BERRPKQIMHM/ MBM72 @
2M+2 M2iy@jR) X h?2 0 1 Bb /2bB;M2/7Q p "B iBQM H BWIT2 2M+
i?2 BM72 2M+23 M2QrQ2B6TQM/b iQ M TT QtBK i2 TQbi2 ' BQ  rBi
T K2i2X 0 1b "2i BM2/ #v K tBKBxBM; p ‘B iBG&M H#QmM/ U
oV X

AHHmMDbI" iBRIMb +QMbB/2 i22 DT REHMRIBM; #BM v/ i U2X;X- J|
g2 +?QQb@/BK2MbBQM H /B ;QM H: mbbB M T BQ - T ~ K2i2 B>
M2m> H M2grQMIp M/ T ° K2i2 'Bx2 i?2 /2+Q/2 rBi? M2m  H M2

RHi?Qm;? K bF2/ H M;m ;2 KQ/2Hb2:BIB2M"2i hiK R2AMNQi bi B+iHv bT2 FBM;
:2M2' iBp2 KQ/2Hb-r2 BM+HmM/2 i?2K ?2°2iQ bBKTHB7v i?2 bi'm+im 2 Q7i?2i?
iQ>Q0Q:2#QQK 2i HPQRykMBb+mbbBQM QM i?2 BMi2 T 2i iBQM Q7 K bF2/ H M;m
BMbi M+2 Q7 miQ 2; 2bbBp2 /IBzmbBQM KQ/2HX

Ka22QQ/72HHQr- "2M;BQ- M/ *@Q p WMHBIMIRQRmM+iBQM iQ /22T H2 "MBM;X
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HHrBi? QmiTmi (BKAMbBBQM b2- bBKTH2 01+ M #2 2tT 2bb2/ b

p (x j z) =Bernoulli( f (z)) U9XR V
p(z)=N(0;l) U9IXR#V
g (zjx)=N(g (x);expg (x)): U9XR+V

r?2°2i?2p B iBQM HARDjixB#nMBOM2T -~ K2i2 ' Bx #H2 #2+ mb2 i?2
THBM; TZQOM2(ghx);expg (x)) Bb 2[mBp BH2 M i) expg (x);

N@©;1) X h?2 "2bmHIBM; o1+ M #2 QTiBKBx2/ mbBM; i?2 2pB/2M+2
i BQkM,

L(x)= Fq (zjx>[I?9p (ij)ﬂ DI ke (g (Z}7x)kp (2) : U9 XKkV

8
U Meconstruction U " Vegularization

r?2B+? + M #2 QTiBKBx2/ 2M/@iQ@2M/ mbBM; i?2 RXNRXBb2 2biBK |
2p Hm iBQM iBK2- i?2 K “;BM HHBF2HB?QQ/ + M #2 TT QtBK i2/
r2B:?2i2/ #QmM/ ULMRABEBIM b KTH2 #m/;2i b H “;2 b TQbbB#H2X

J

.2bB;MBM; 0 Ioblb +QK2 BM K Mv b? T2B d&@/7 Q@ Bb2MiB7v i? 22
/2bB;M /BK2MbBQMb, i?2 +?2QB+2 Q7 iq2zTQbi2B?IBbL BFmMPRQM
T'BQ /Bbi B&niB@M?2QB+2 Q7 i?22 Q#bR(pjBRM KQKQY2H + M

#2 /2bB;M2/ rBi? M “#Bi  "v7 +iQ Bx iBQM U2X;X- miQ 2; 2bbBp
T°BQ - miQ 2;:°2bbBp2 T'BQ - miQ 2; 2bbBp2 TQbi2 BQ 'V M/ p
+ M #2 2KTHQV2/ rBi?BM 2 +?2 Q7 i?2i?°22 +QKTQM2Mib U2X;X- :
~Qrb Q  + i2;Q' B+ H/Bbi'B#miBQMBV20AMi*MRi2KTH2 Q7 0 1 rBi?
M miQ 2; 2bbBp2 /2+Q/2° M/ r?B+? T'BQ" 7 +iQ ' Bx2b b /22T -
p "B #H2b- 2 +? Q7 r?B+? Bb KQ/2HH2/ #v # b2 : mbbB M /Bbi B#r

h* BMBM; Q#D2HiBpEbB iBQM HQ#D2+iBp2b Tj2b2MRA/BMBR Ti2®
+ M/B/ i2biQ i  BM o 1b- Hi?Qm;? i?2 2pB/2M+2 HQr2  #QmM/ Bb
iBQM H Q#D2+iBp2b "2 bQK2iBK2b Hi2°'2/iQ +B +mKp2Mi QTiBK
T QKQi2 H2 "MBM; mb27mH H i2Mi 2T 2b2Mi iBQMbX

SQbi2"BQ" +QHHZBREB/2M+2 HQr2  #Q mAMKBDL[mQBDDMb2/ Q7 U V
2+QMbi'm+iBQM i2°K M/ U"V "2;mH "Bx iBQM i2°'Ki? i Tmb?2

TQbi2'BQ iQ HB;MrBi? i?2T BQ X AMT  +iB+2-i?2 "2;mH "Bx it

iQx2 Q-H2 /BM; iQi?2H i2Mi p ' B SRR #2 @ M+nNVHhZD oI B / 2 /

#v r2 F2ZMBM; i?2 /2GnQ@/ 20 M HXckYRM 21 HXWKYXRd#v KQ/B7vBM;

i?72i° BMBM; Q#Di2+KBBpMRbiB+ UOK@ miT21 HXchaRé2 #v 2i HX

kyRe+QMbBbib BM Hi2'BM; i?2 2pB/2M+2 HQr2, #QmM/ rBi? T ~ k

L (X) = Eq (zx) [logp (x j 2)] D (a (zjx)kp (2)); U9 Xjv

ig2 "2+QKK2MIM;K M/ q2HHBMQRYRMKTH2i2 # +F;"QmM/ QM 0 1b
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r?B+? + M #2 BM+"2 b2/ 7°QK x2°Q iQ QM2 /m BM; 2 "Hv i BMBN
2z2+i Q7 i?2 2;mH "BXBM; i2 KX Hi2 M iBp2Hv- i?2 Q#D2+iBp2
KQmMi @722 #BibM K 2i HX-kyFB+? TT QtBK i2Hv +Q "2bTQM/

L (X) = Eq @zjx llogp (xj2)] maxf ; D (q (z]x)kp (2))9: U9X9V

2T 2b2Mi iBQM H2AMWMBRK?2 KQ/2HHBM; b+2M "BQb- Bi Bb TQb
i2Mi "2T 2b2Mi iBQMb i? i "2 HB;M2/ rBi? ?B;?2@H2p2H 72 im’
A/2 HHvV- i?2b2 72 im 2b "2 +QKT +i M/ 2 bBHv "2@mb #H2 7Q
i #HvB::BMb 2i HRQyR/di? i BM+ 2 bBM: i?2 "2;:mH "Bx iBQM i2 }
9X#v b+ HBM; i?2 T "nKRi®M T QKQi2 HZBWMRBWM MAZ22b2Mi @

iBQMbX LQM2i?2H2bb-bm+? 72 im 2b "2 /B{+mHiiQ H2 "M rBi?
AM T +iB+2- b2KB@bmTZEHRBDR/ H2 HMBMEQrb HB;MBM; i?2 H |
"2T7°2b2Mi iBQMb rBi? FMQrM 72 im 2b BM KQ'2 T 2/B+i #H2 r

-BOHVBHF .PEFMT

6Q° IimMiQB HQMH M;m ;2 KQ/2HHBM;- _LLb M/ h® Mb7Q K2
Bi?m#X+QKf.22TG2 "MBM;.hlfyk98e@/22T@H2 "MBM;@rBi?@
#HQ#fK bi2°f8nh” Mb7Q K2 'bf

8nNRN1lsln/22TnH2 MBM;nrBi?ni  Mb7Q K2 bXBTvM#

AM i?Bb b2+iBQM-xi?ll p  #Bi#H2 TB2+2 Q7 i2ti 2M+Q/2/ ii?2 +°
H2p2H- rQ /@H2p2H- Q aPmi@ BQ /- B2 pZH -U M/ CBOHZ k¥R ¢ X
Kyk\RX 7i2° iQF2MBx iBQM- i22QKTBQHBRR BMiQ B2[nRMAIR2 Q7
XXy X H M;m ;2 KEQ2HRbTQM/b iQ i?2 DQBMx)/B b H IiB#nm B2Q M
bBKTH2H M;m ;2 KQ/2Hb+ M#2/2}M2/ mbBM; M@;" KKQ/2Hb- B
i?7Qb2 T ° K2i2'Bx2/ #v /22T M2m~ H M2irQ FbX

miQ '2; 2bbBp2 H M;m ;2 X@QWBRB i?72 miQ 2;°2bbBp2 H M;m ;2
/IQTi H27i@iQ@ B;?i 7 +iQ°Bx iBQM Q7 i?2 iQF2Mb,

Y
p(xX)= P XjX«); uo9xsv
t=1

r?22 24 =Xg;::5% 1 X 1 +?2i° MbBIiBQKKRQ/RPBb T ~ K2i2 ' Bx2/ #v
M2m™ H M2irlgmF? i? i,
P (XtjXa)=Cat(xejf (X«t)) : UugXeV

6Q BMbifM+2M #2 BKTH2K2Mi2/ mbBM; 2+4m T 2Mi M2m©T H M2
GahJ HQ+? 2Bi2° M/ a+?KB/NmZ2mBBW,d h® MbDQ KB 20U HX
ky RvX
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h?2 #Qp2 7 +iQ Bx iBQM + M #2 2ti2M/2/iQ T21KmiTiBQMb Q7 i-
bHQM: bi?2+ mb H/2T2M/2M+B2b "2 2M7Q +2/X AMi?2 + b2 Q
KQ/2H- i?2 /2T2M/2M+B2b "2 2M7Q +2/ #v K bFBM; i?2 ii2MiBQM
“MQbiB+H M:m :2 KQ/2Hb + M #2 Q#i BM2/ #vb KTHBM:  M/QK Q"
BM;- b 2tTHQ 2/ BMHX kMRBMD Q;2#Q QK 2i XX kykR

JbF2/H M:m ;2 KQ/2HHil2"M iBp2Hv- Qi?2  K2i?Q/b.BmHBMb2i1l_h U
HX KYAN/2 i?2 bi'B+i miQ 2; 2bbBp2 /2T2M/2M+B2b 7Q" b2i Q7 |
Q#D2+iBp2bX h?2 }'bi Q#D2+iBp2 +Q "2bTQM/b iQ K bF2/ H M;
+? ° +i2°Bx2/ #v i?2 +QM/BiBQM H,

Y
P(XmjX m)= pP(XjixX m); Uuoaxdv
j2m

r?2'm +Q "2bTQM/b iQ i?2 BM/B+2b Q7 i?2 K bF2/ iQR2Mb iQ #2 T
“2T 2b2Mib HH i?2 Qi?2  BM/B+2bX J bF2/ H M;m ;2 KQ/2Hb "2 iv
mbBM; K bF2/ b2H7@ ii2MiBQMX aBKBH "Hv iQ i?2 miQ 2; 2bbBp
2tT 2bb i?2 +QM/BiBQM H mbBM; /22T M2m™ H M2irQ F

p(Xjjx m)=Cat(x;jf (x m)): Uuoaxsv

h?2 b2+QM/ i bF +QMbBbib Q7 T '2/B+iBM; r?2i?2" irQ b2Mi2M+2b
MQi?2° BM i?2 i BMBM; +Q TmbX h?Bb T'QKQi2b "1_h MQi QMH
iQF2M H2p2H #mi HbQ iQ KQ/2H i?2 "2H iBQMb?BT #2ir22M irQ b2]
Q' B;,BMHT T2 7Q° KQ 2 +QKTH2i2/2b+ BTiBQAM QB NM?2ii HBEMBM
k'y RNX

G ;2b+ H2T 2@i BMBMT2bQ7H M;m ;2KQ/2Hb+ M#2i° BM2/ m
KQmMib Q7 mMH #2HH2/i2ti/ i X miQ 2;"2bbBp2 H 'M;mv ;2 KQ/2H
21 HX kgky/7Q°/ 21 HX kyR® "/ 2i HXWyRNi# BM iQ K tBKBx2 i?2

K ";BM HHBRAKBE?Q®F2/ H M;m ;2 KQ/2Hb . HBR2M12h WX kyRN
21 BM2/iQ K tBKBXx2 i?2 bQNXB{iBQOQM i) bQHp2 i?2 M2ti b2Mi2M+
T 2/B+iBQM i bFX AM #Qi? + b2b- i?2 mMf2H2vBWh MR hti H+M2irQ
bvMi +iB+ M/ b2K MiB+ /2T2M/2M+B2b @XQKVIR2hPQWA 2 RibuinHIB M ;
+QMi2tim H 2T 2b2Mi iBQMb-i> BM2/QMH ;2 KQmMibQ7/ i -Q7
HM;m; ;272 im2b M/ + M #2 TTHB2/iQ bQHp2 /QrMbi 2 Ki bFbX

$PODMVTJIPO

AM i?Bb +? Ti2 -r2 ? p2 # B2~vBMi"Q/m+2/i?20 B iBQM H miQ2
i?2 # bB+b Q7 H M;m ;2 KQ/2HHBM ;X h2BY +BW+iPRbBBhD X?2A W iP2
M2ti *? Ti2 -r2 rBHH /Bb+mbb ?Qr iQ +QK#BM2 p "B iBQM H miQ2|
KQ/2HbX
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22T G i2Mio B #H2 JQ/2HDb
GM;m ;2 JQ/2HHBM;
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#JEJSFDUJPOBM *
/BSJBUJPOBM "VUPF

h?Bb +? Ti2  +Bi2b QM2 Q7 i?2 +QMi ' B#miBQMb BM i?Bb i?2bBb,

S T2 ,J Ha22i HX&KWON, 02'v .22T >B2° "+?2v Q7 G i2Mi o '|B #H2b 7
2" iBp2JQ/2HBM;?

6B;m 2 8XR, 6B:m 2 8Xk, 6B;m 2 8Xj, 6B;:m 2 8X9,
:2M2° iBp2 "I BM72'2M+2 h. BM72'2M+2 .2T2M/2M+B2b

6B;m 2 8X8,=3 H v2 2/ "Ao MBiW?2 ;2M2" iBp2 K#iMQHIQK@mMT

U"IVBM72 2MU2MDTI@/QrM Uh.V BM72 2NMAR TBIiZHMI2T2M/2M+vVv
Q7 i?2 ;2M2° iBp2 KQ/2Hb r?2 2/ b?2/ HBM2b /2IMM@22QrbFBT @ +
BM/B+ i2i? ii?2/2i2°"KBMBbiIiB+ T * K2i2'b "2b? "2/ rBi?BM i?2
#2ir22Mi?2 ;2M2° iBp2 M/ BM72 2M+2 KQ/2HX h?2 /B KQM/b "2
M2m™ H M2irQ Fb-i?2r?Bi2 +B"+H2b BM/B+ i2 H i2Mi p "B #H2b

miQ 2: 2bbBp2 ;2M2° iBp2 KQ/2Hb T ~ K2i2 Bx2/ #v /22T M2m
“2+4m  2Mi M2m> H M2irQ Fb- +QMpQHmMIiBQM H M2m > H M2irQ F
KQ/2HHBM: BK ;2b USBt2B¥ IMY2i WMXiRYRUSGL2- 2i HX
kyRWW M/ m/BQ UaT b2 h*MbTQ2K2IM X \LROM2i?2H2bb- +QMi QHF
'2M2 iBp2 T ' Q+2bb Q BM72 'BM; bm+? ii ' B#mi2b BM miQ 2; 2
MMH2bb i?2 i° BMBM: / i Bb H #2HH2/ rBi? b2i Q7 FMQrM 72 i
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/2b+ " B#BM; i?2 +QMi2Mi Q7 M BK ;2-Q° +QMp2'b iBQM iQTB+VX
:2M2° iBp2 KQ/2Hb + M #2 m;K2Mi2/ rBi? H i2Mip "B #H2b + Tir
iBQM 7 +iQ°bX o "B iBQM H miRW:KQ/2Mb dPciHBW ?2kpR 9
T Qp2M iQ #2 r2HH / Ti2/iQ i?2 BK ;2 /QK BMX h?Bb Bb 2bT2+B H
01b-r?B+? +QMbBbi Q7 bi +FBM; K MV H ¥2Q@rQ@2H-iBMiip2 B #HR Db
;m ;2 /QK BM- o0 1b "2K BM H ";2Hv QmiT2 ' 7Q K2/ #v GahJ Q" h™ M
HM;m ;2KQ/2Hb BM ;2M2" iBQM M/ 2T 2b2Mi iBQM H2 "MBM; i b
AM i?Bb +? Ti2 - r2 BMi"Q/m+2 "Ao , i?2 /22T ?B2° "+?B+ H o1
S T2°X g2 BM+Hm/2 M Qp2'pB2r Q7 i?2 "+?Bi2+im 2 M/ /Bb+mbb
HM;m ;2 KQ/2HHBM;X q2 "27Q" iR BM®@7/2Ti? /2b+ BTiBQM Q7 i?2
M/ /2i BH2/ "2pB2r Q7 i?2 2KTB'B+ H "2bmHibX

"SDIJUFDUVSF

"Ao UB/B 2+iBQM H@AM72'2M+2 o "B BRQM H rAMBE2M+B8R" 7 +@
iQ Bx2biQ@QT@/Q2™MT ?B2° “+2v Q7 H i2Mi p "B #H2bX h?2 BM72 2N
/2+QKTQb2/ BMiQ irQ T “ib, QM2Qi1QK@@Mi® Bx iBQM Q7 i?2 H i2M
p "B #H2b M/ MQi?2 i? i /QTib i?2#QpDKBD@MWZBXx iBOQMX a22
6B;mM8XBQ" M BHHmMbi> iBQM Q7 i?2 “+?Bi2+im 2X

:2M2° iBp2 KQ/RH2 ;2M2° iBp2 KQ/2H Q7 "Ao Bb B/2MiB+ H iQ i?.
bi M/ "/ ?B2° "+?B+ Ho 1rBi? bFBT +QMM2+iBQMbX :Bp2M M Q#b
/12TiR- Bi Bb /2}M2/ b,

y 1
p(x2)=pXxiz)p(z) P(ziizsi); UBXRV
i=1

r?2°22 +? p B;#HAR +Q "2bTQM/b iQ H2p2H BM i?2 ?B2° "+?2vX 1
iBQ@Mzi jzsi) Bb : mbbB M /Bbi ' B#miBQM T ~ K2i2 'Bx2/ #v : i2/ _2b
+QKTQb2/ Q7 +QMpPpQHMIBQM H M2mBH MEBD@HQUWFNMRBWVBQMb H2
2 +?2 Hv2 Q7 BM2Btp2 BM7Q K iBQM 7 QK igi2=#p2:pz . BX#H2b
h?2iQTH v2  Bb bBKTH2 : mbp B M=/R ez B¥MXBQM

"B/B 2+iBQM H BM72 2MPMM22rBMF 2 2M+2 bB/2 Q7 i?2 KQ/2H- 2 -
p "B #HBM i?2 ?B2° “+?v rBi2(T BhBiBEMKTQb2/ BMiQ irQ T “ib- QM2
i?22QT@/Qri M/ MQi?2" ZQIiQR® i®T

zi=[z":;z'], i2[LL 1]; UsXxkV

R 2/KQ'2 #Qmi /22T o*PIBBMKkeERM K 2i HXCkyR@2 2i HXcha®M2 #v
20 HX kgoR2/ i M/ E mix k¥ky
Kh?2 /2bB;M Q7 i?2 : i2/ _2bL2ir b BMBTBK2/Z QK kyRe



*NBHF NPEFMMJOH

h?Bb 7 +iQ'Bx iBQM bTHBib K?2 ?B2" "+2vBMiQ irQ T i?b-r?B+?
IB'24BQMb, #QiiQK@@T=T [RAB2%IX- M/ iQT@/QrM T i? UBX
pz)= “ipzijzsi)VX "Qi? T i?b 2 T ° K2i2 'Bx2/ #v : i2/ _2bL2i #H
i?2iQT@/QrM T i?b? "2b T > K2i2 rBi?i?2:2M2" iBp2 KQ/2H-
aaM/2 #v 21 BX*QKR#EBMBM; #Qi? T i?b M/ +QM/BiBQMBM; i?2 i
#QiiQK@mT p "B #H2b-r2 Q#i BM ~2tB#H2 #B@/B 2+iBQM H ?|

by 1
a@ix=a@ixza) p@ixza)n @ ixigrizaizg o UBXjV
=t #qiiqkemT iQT@/QrM

PTiBKBx iBQM M/ 2p HAMiSQ M  HH KQ/2Hb 2 i  BM2/ mbBM: i?
rBb2 2biBK iQ  WAR+TBRBIR2/iQ KQ/B}2/2pB/2M+2 HQr2" #QmM/X
Bb KQ/B}2/TRiZ#HBiEOM ;K 2i HXY kQKBiBrQBi2 BQ  «QHH Th2

*NBHF NPEFMMJOH

AMh #KR2 "2TQ ii?2i2bi HBF2HB?QQ/ Q7 "Ao QM *A6 _@Ry rB
Q7 # b2HBM2bX *QKT "2/iQ i?2 K2i?Q/b "2H2A /TR BQ KQ/S Tz
+QKT " #HvrBi?i?22TQr2 7mH#mi+mK#2 bQK2 miQ ' 2;°2bbBp2
GQQFBM; ii?2 K2i?Q/b Tm#HBDbL?R/6 @@ 1SM/2"Ao b22K iQ ? p2
BMBIiB i2/ i'2M/ Q7 /22T2MBM; ?B2° "+?B2b Q7 H i2Mi p "B #H
G4jy-0.@0 1, G498V r2°'2 "2H2 b2/ bQQM 7i2°  "Ao M/ r2°2 [mB-
/IBzmbBQM KQ/2Hb U.SSJ, G4RF- 0.J, Rn2F\2XXT @AM EnTR2 Qmb //B
iBQM HBK ;2 KQ/2HHBM; 2tT2 BK2Mib- BM+HmMm/BM; b2KB@bmT
/2i2+iBQMX

-BOHVBHF NPEFMMJOH

AM S T2r2 BMp2biB; i2/ r?2i?2° "Ao +QmH/ #2 TTHB2/ iQ KQ/z
i2M+2b; 1?2272/ 7°QKi?2 "QQF*@?mn2b /HiXbRiM22ti o 1K M

21 HX lcpR&2MBmi - a2p2 vM- MV " 21720BR;M2/ rBi? M GahJ H |
;m ;2 KQ/2H b /2+Q/2 X am+? KQ/2Hb ? p2 #22M MQiQ ' BQmbHv
iQi?2 /2+Q/2° B;MQ 'BM; i?2 H i2Mi p "B #H2- r?B+? Bb HbQ FN
TQbi2 ' BQ " RQHHKIWM22i HX W/REK2MBmMi - a2p2 vM- M/ " "i? k)
#vT bb2/ i?Bb Bbbm2 mbBM; bi' QM; "2;mH "Bx iBQM K2i?Q/b +C
EGi2°KBM i?2 V@GI'PKBMBbiIiB+-FfQKK@kh i HXcagRIé2 #v 21 HX
kyRe M/ r2 F2MBM; i?21Q+Q/TWMn i

IBXDK (q (zjx)kp (z)) +QHH ThBM; iQ x2 ' Q-Rb22 a2+iBQM
9 2 /KQ'2 #Qmi TQbi2 ' BQ +QHHXTb2 BM a2+iBQM
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hvT2 .2Ti? #Bibf/BK
gBi? miQ'2;'2bbBp2 +QKTQM2Mib
A 6@0EBMK 2i HX kyRe o1l Rk 312
0G 1%22M 2i HX kyRd# o1l R 2:95
SBt2H _AQ/- E H+?# 2MM2'- M/ E pmF+mQ;Hm kyRe =3:00
SBt2H*LL&FB8K Mb 2i HX kyRd _ =2:92
SBt2Hak A 2i HX kyR3 _ =2:85
aT "b2 h® MbY7QBK/2T HX kyRN _ = 2:80
gBi?Qmi miQ '2;°2bbBp2 +QKTQM2Mib
.Bb+72i20 1oY?Yi 2i HX kyR3 ol 9 3:38
:GPgEBM;K M/.? "Br HkyR3 6HQTr =3:35
6HQTrYsY 2i HX kyRN 6HQTr =3:08
"AO J Ha22i HX kyRN o1l R8 3:08
Lo 1Y 0 2/i M/ E mix kyky o1l jy 2:91
02°v .22T & L BH/ kykR o1l 98 2:91
..SJY >0-C BM- M/ ##22H kyky .BzX RF 370
0.JY EBM;K - a HBK Mb- SQQH2- 2i HX kykR.Bz X RyF 2:65
Y*QMi2KTQ 'VvrQ' F Q Tm#HBb?2/ 7i2° "Ao X

h #H2 8XRbi HQ;@HBF2HB?QQ/ QM *A6 _@Ry 7Q" "Ao

M/ Qi?2" /22T ;2|

h?2 HBF2HB?QQ/ Bb TT QtBK i2 mbBM; i?2 BKTQK MH0P@Xr24®; ?i2/ #QmM
“2TQ i 1?2 MmMK#2° Q7 H v2'b Q7 H i2Mip "B #H2b r?2M TTHB+ #H2 U/2Ti
Q7 KQ/2H U miQ 2; 2bbBp2-0 1- ~Qr- /BzmbBQMVX g2 bTHBi i?2 i #H2 #2
miQ 2; 2bbBp2 +QKTQM2Mib UBM i?2 T'BQ Q" BM i?2 /2+Q/2°V M/i?2 Q

G i2Mip "B #H2 H M;m ;2"KQ/BH / Ti2/iQb2[m2MiB H/ i
i?72 k. +QMpQHmMIBQMb BM i?2 :
rQ"F-r2 m;K2Mi2/ "Ao rBi?

#v "2TH +
i2/ _2bL2ibrBi? R. +QMpQHMIBQM
M miQ'2;°2bbBp2 +QM/BiBQM H H M;

Pp(Xjz):=  pXtjX«t:2); UugsXxovVv

t=1
r?2°2 Bb b2Mi2M+2 2M+Q/2/ i i?2 rQ°/ H2paQH:BMiQV[ b2[m2M + 2
P (Xt j X«t;2) Bb T ~ K2i2'Bx2/ #v MGHah2RIi2° M/ a+?KB/NP?Xi#2 RNN
(32 HbQ 2tT2°'BK2Mi2/ rBi?Qmi GahJ /2+Q/2 - BNXij?z)i:#= b2 r2 /2}M
T .

E2v }M/BM;ib #H2XK2TQ ib i?72 HBF2HB?QQ/ M/ H i2Mip "B #H2 mb
#v i?2 EG /Bp2Dkg Md«€2j x)kp (2)) Q7 "Ao M/ i?2 # b2HBM2 KQ/2Hb mM
+QKT * #H2 T ~ K2i2 #m/;2ib M/ mbBM; i?2 b K2 "27mB#Bib iBQM i
Y }IM2@imMBM; rBi?Qmi “2;mH "Bx iBQMVX AM i2°Kb Q7 HBF2HB
rBi7zQmi miQ 2; ' 2bbBp2 +QKTQM2Mi Bb H ";2Hv QmiT2 7Q K2/ #v
bBp2 GahJH M;m ;2 KQ/2HX *QmTH2/ rBi? M miQ 2;°2bbBp2 +QK
i?72 Qi?2  i2tio 1b #°B/;2i?2 ; TrBi?i?2 GahJ # b2HBM2X "Ao T2°
T #Hv rBi? i?2 Qi?2 i2ti o 1lb- Hi?Qm;?r2 "2TQ"i ?B;?2 mb ;2
p "B #H2b 7Q  "Ao - b K2 bm 2/ #vi?2 EG /Bp2 ;2M+2X



$PODMVTJIPO

S * K2i2 b logp (x) EG
_2bmHib rBi? miQ'2;'2bbBp2 +QKTQM2Mib

GahlJ 15.0M = 41:49
GahJ@o 1 23 7™M 4241 513
>v# B/@o 1 237™M 4224 467
"Ao G4d 23.0M 42:34 10:15
_2bmHib rBi?Qmi miQ'2;'2bbBp2 +QKTQM2Mib
>v# ' B/@o 1 15:0M 54:53 1410
"Ao G4d 14:0M 54:13 15:33

h #H2 8X&,M:m ;2 KQ/2HHBM; rBi? "Ao X g2 "2TQ i i?2 i2bi HBF2HB"
rBi? i?2 1G"PV M/ i?2 EG /En2(q2Mj+dkp (z)) X "Ao +?2B2p2b ?B;?2°
EG /Bp2 ;2M+2b i? M i?2 # b2HBM2 KQ/2Hb 7Q° +QKT ° #H2 HBF2HB:
+QM/BiBQMBM; Q7 i?2 /2+Q/2° QM i?2 H i2Mi p 'B #H20XrGaiJ@o 1 B
20 HX K§By# B/ o 1 +QK#BM2b *LL 2M+Q/2  rBi? *LL@G&WIBR2#+Q/2" L
a2p2'vM- M/ " “i¥XyRd

$PODMVTJIPO

g2 T'2b2Mi2/ "Aoc M 2t KTH2 Q7 /22T o "B iBQM H miQ2M+Q
BK ;2 KQ/2HHBM; M/i2ti KQ/2HHBM; 2tT2'BK2MibX "Ao 2t+2HH
T2 ' 7Q KBM; +QKT ~ #Hv rBi? TQr2 ' 7mH miQ 2; 2bbBp2 KQ/2H'
/IQK BM=- /22T o 1b KB;?i MQi #2 bm{+B2Mi- M/ Bi KB;?i MQi #2
;QQ/ ;2M2° iBp2 T2 ' 7Q K M+2b rBi?Qmi miQ 2;°2bbBp2 +QKTC(
bm+? b "Ao rBi? M GahJ /2+Q/2-+ M H2 "M iQ +QM/BiBQM i
T°Q+2bb QM H i2Mip "B #H2b #mii?2 H i2Mip "B #H2 /Q2bMd6i H
T2 '7Q°'K M+2bX

Hi?Qm;?i?2i2ti 2tT2 ' BK2Mir b HBKBi2/ BM Bib /2bB;M /m2 iC
b+ H2 Q7 i?2 KQ/2H-i?2 +?QB+2 iQ BKTQb2 }t2/@T °~ K2i2"  #m/
/i b2i M/i?22p Hm iBQM Q#D2+iBp2 ULG"PV-i?BbBMi"Q/m+iQ
i? i Hi2Mi p "B #H2 KQ/2Hb /2p2HQT2/ 7Q" i?2 BK ;2 KQ/2Hb K
TTHB2/iQ i2ti KQ/2HHBM; X

AMi?22v2 "b 7QHHQrBEIM;MDTQR K2 b ? p2 #2+QK2 M BM/BbT2NMN
TQM2Mi 7Q " i2ti KQ/2HHBM;X AM i?2 M2ti +? Ti2 - r2 rBHH T 2
bi M/ “/ ?2v# B/ o1l "+?Bi2+iIMIZ W2Xi;XHXckhyRiea2 21 HX kyRN
a2K2MBmi - a2p2 ' vM- MV i?i? HHQd ? "M2bbBM; i?72 7TmHH TQr2
7TQ K2'b7Q H i2Mip 'B #H2 H M;m ;2 KQ/2HHBM; X
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-BOHVBHF BT
-BUFOU 7/BSJE

h?Bb +? Ti2 +Bi2birQ Q7 i?2 +QMi B#miBQMb BM i?Bb i?2bB)b

ST2*,06*MH ;2H M;m ;2 KQ/2Hb "2 bQM #Qmi K28 BgBH/I[mZb MBQ-Mt
M/ gBMi?2" Yykk

S T2.,60 BiBQM HPT2M@.QK BM Zm 2 k&iB QB MMbir 2°VB My i

AM i?Bb +? Ti2 - r2 T '2b2Mi 2t KTH2b Q7 H i2Mi p "B #H2 KQ
M/ BMi2 T 2i #H2 H i2Mi bT +2bX Hi?Qm;? H i2Mip "B #H2b "2
#QmMii?2mM/2 HvBM; ;2M2° iBp2T ' Q+2bb+ M#22M+Q/2/BMi?
T Q+2bBX) M/ "HmMb @b kWR2t+2HH2Mi 2t KTH2 Q7 biQ+? biB-
KQ/2H r?B+? "2HHBZ2IM QXM b H i2MX ph?BBHM2 ™ iBp2 T°'Q+2bb #)
/QrM BMiQ irQ bi2Th UBV ;2M2" iBM; F2vrQ /b UH i2Mi p "B #H2
TmMHH@H2M;i? i2ti # b2/ QM i?2 F2vrQ /b UQ#b2 p i BQMVX

AMi?Bbi?2bBb-r2 2tTHQ 2/irQivT2b Q7 KQ/2Hb r?B+? H i2Mi
AM S T2'i?2 T°'BQ " Bb H ;2 H M;m ;2 KQ/2H i? i ;2M2" i2b TQbl
bQHMIBQMb iQ ;Bp2M r ' Bii2M T-Q2RA2ZKKX2MIMbSE F2 Bb /2}M2/ &
H ;2 +QHH2+iBQM Q7 /Q+mK2Mib U2X;X-gBFBT2/B VX AM i?2
i?72 "+?Bi2+im 2b Q7 i?72irQ KQ/2HbX 1 +? K2i?Q/ Bb /Bb+mbb2
Ry M/NX

-BUFOU 3FBTPOJOH

h?Bb b2+iBQM ;Bp2b M Qp2 pB2r Q7 i?2x2°Q@b?Qi 2 bQMBM;
*X h?2 KQ/2H M/ i?2 iQTB+ Q7 T'QKTi@# b2/ H2 "MBM; M/ x2°
/IBb+mbb2/BM ;2 i2° /2TiIR BMS T TX2"

S'QKTi@# b2/ H2 "®IBM;H M:m ;2 KQ/2Hb bm+? Qb MSHh@{ ¥

kykw 2 miQ 2;"2bbBp2 H27i@iQ@ B; Di(k) M mp (2 KQ)NIHb UBX:
+QMbBbiBM: Q7 H ;2 MmK#2 Q7 T * K2i2 b URd8 #BHHBQM T
K bbBp2 i2ti / i b2ibX S QKTi@# b2/ H2 "MBM; BMpQHp2b /2bB
Im## 21" QKTillP i i'B;:2  T°2@i° BM2/ H M;m ;2 KQ/2Hb iQ ;2M2" i



-BOHVBHF BT B -BUFOU 7BSJBCMF

6B;m 2 eXRPQMBM; #Qmi K2/B+ H[m2biBQM mbBM; +QPMZBiBQM HH M
y)X h?2 [m2biBQM Bb i F2M 7 QK i?2 J2/J*Z /i b2i- i?2 +? BM@Q7@i?Q
rb;2M2° i2/ mbBM; :Sh@jX A2 @I tiBMBMbi m+iBQM TT2M/2/iQ i?2 [m2b
UBX2X x2°Q@b?Qi +? BM@ Q@ @BXQ M ? FNRXIQWKTKi ¢

‘Bp2M i bF BMTmi U2X;X- [KABBQMBY #M2 2T 2b2MiBM; i?2 //BiB
FMQrH2/;2 2M+Q/2/ BMiQ i?2 T'QKTi U2X;X-i bF BMbi"m+iBQMb- i
FMQrH2/;2V- r2f /2MQAIBMM+iBQM i? i +QK#BM2bMA2 BMBO#H2b

T QKTi /2MQiK)- i?Bb Bb ;2M2° HHvV 2T QK iiQKEH i2

w2 'Q@b?Qi 2 b@MENEb?Qi +? BM@ QR @D MQWEBMBK 2i HX
kyké BKb i:2M2° iBM; /2i BH2/ bi2T@#v@bi2T T+Q#EH@ QQ@miB
i2Qm®@ib?2 K2i?Q/ Bb +QM+2Tim HHv bBKTH2 M/ #QBHb /QrM iQ
HM:;m;2KQ/2KE2BiB 6?BMF bidX #2D@EEXRQ M BHHmbi® iBQMX

G i2Mi "2 bQMBM; K3X/idH +QMbB/2° [m2biBQM®@ Mbr2 BM; b2iiB
iBQMM/ Mbx2 ™M/ M miQ 2; 2bbBp2 H M Xn. 2MRQBERIKk(Y:K)
i72 x2°Q@b?Qi *Qh T Q&KIR WEE2MIBM; i?2\miRRiFQBQ " Bb

Vi
p(ziy)= pzily;z«)) UeXRV

t=1

r?2°R]1/2MQi2b i?2 +QM+ i2M iBQMBYT/Z2}MR/-QM/i?2 i2ti /IQK BMX
h?2/2+Q/BM; T iQ7i?2;2M2" iBp2 KQ/2H Mbr2'bi?2[m2biBQM #
y M/i?2H i2Mi +? BM@QA@ iZ2HB2®QOM M Mbr2" 2tfi,(UtkBQM T QKTi
U2XXu>-i?2'27Q°2- 1?2 OMX2XQKBBMBM; i?2 H i2Mi 2 bQMBM; T°
i?72 Mbr2" 2ti° +iBQM /2+Q/2°-r2 Q#i BMi?2 x2 ' Q@b?Qi Mbr2'BM
p x;zjy;K =p xjfa(ly; z];K) zjy; UeXkV
pxifey b p 3)yy -
Mbr2°BM; bi2T "2 bQMBM; bi2T
h?2 "2bmHiBM; K “;BM H Mbr2'BM; KQ/2H +Q "2bTQM/biQ 2tTHQ |
Ti?bi? i "2HBF2HV MM/2  i?2H ;2 H M;m ;2 KQ/2H- r?B+? r2 2tT
h i
p (Xjy:K)=Ep ziyy P (xjfa(ly; zl;K)) UeXjV




-BUFOU *OGPSNBUJPO 3FUSJFWBM

-BUFOU *OGPSNBUJPO 3FUSJFWBM

6B;m 2 eXkl,K2MiBM; H M;m ;2 KQ/2Hb rBi? H ;2 FMQrH2/;2 # b

S T2) 2tT2'BK2Mib rBi? i?QTi2BF@JQK BM [m2biBWQMZWbr2 VB M ;
i?Bb b2+iBQM r2 /2i BHi?2 +Q "2bTQM/BM: H i2Mip "B #H2 KQ/.
iBQMiQH M;m ;2 KQ/2HME&M:; U6B;m" 2

G i2Mi FMQrH2/;2 b Bp2M [MmM2piBQM Mbx2M/ +QHH2NIBQM Q7
IQ+mKZIMWibzy;:::;z8yg- 1?22 P.Z i bF+ M#2 7Q KmH i2/ b H i2Mip
KQ/2B2aR-*2 M;- M/ hQmi M@BIiXKRNBM H HBF2HB?QQ/ /2}M2/

X
p(xjy;D):= p(Xjizyy)p(zjy); UeX9V

z2D

r?22°B(xjzy) K +?BM2 2 /BM: +QKT 27?2Mb BX2MAK QYR B b
/IQ+mK2Mi "2i"B2p2 - #Qi? BKTH2K2Mi2/ mbBM; T'2@i° BM2/ H |

_2i'B2p H@ m;K2Mi2/H M;m ;2 RQZ2HHBHAR, b22M b bT2+B H +
Q7 H i2Mip "B #H2 K bF2/ H M;m ;2 KQ/2HX >»xBpRiM KMbB-MT mi b2
iIQF2Mb M/ rBi? "2K BMBM; mMKxbF2/TQFBMMp H@ m;K2Mi2/ H M;r
KQ/2HHBM; U_mhiG24i HXVkBby/2}M2/ b,

X
P(XmjX m)= PXmizZiX m)P(ZiX m); UeX8V
z2D

r?B+? +Q "2bTQM/b iQ i?2 P.Z K :BM H HBRRHBBRIRQ /mUL[m iBC
MK=xXnX _2i'B2p H@ m;K2Mi iBQM + M HbQ #2 TTHB2/iQ mi

R2/KQ'2 #Qmi QT2M@/QK BM [m2biBQM RKbr2 BM; BM a2+iBQM
kh?2 MQi iBQM Q7 SbT 2 Ti2/iQ K F2i?Bb +? Ti2  KQ 2q7'QMBEbd2MV X



-BOHVBHF BT B -BUFOU 7BSJBCMF

KQ/2Hb-r?B+?r b BMBiB BREVBHITHQIKBMX h?Bb +Q "2bTQM/b iQ
“2i"B2pBM; QM2dQHQ@ik2 M? lQEBM? KQ/2H,

¥ X _ _
p(x)= P (Xt Zt; Xt )P (2t ] X<t ) : UeXeV
t=1 z,2D

$PODMVTJIPO

g2 T 2b2Mi2/irQ 2t KTH2b Q7 H i2Mip "B #H2 KQ/2Hb rBi? bi m+im"
Hi2MibT +2b "2/2}M2/BMi?2i2ti/QK BMc QM QM2 ? M/-i?2i2tiB
i?72Qi?2°? M/-i?2i2tiBb "2i'B2p2/7°QK FMQrH2/;2# b2X AM #Qi
"2 T K2i2'Bx2/ rBi? T'2@i° BM2/ H M;m ;2 KQ/2Hb r?B+? b2 p2
;2M2° iBM; ?2vTQi?2b2b- ;2M2° iBM; Mbr2'b M/ "2i"B2pBM; BM7Q
7°QK i?2 +H bbB+ Hi2ti o 1lb T 2b2MBR B2B+? iPi2H i2Mi bT +2b
/2}M2/ "#Bi° "BHv M/ KQbiHv b2 'p2 i?2 Tm ' TQb2 Q7 /2}MBM; KC
TmM+iBQMX

AMQT2M@/QK BM [m2biBQM Mbr2'BM;-i?2/Q+mK2Mib +QMi BN
"2 MmMFMQrMX AM i?2 #2bi b+2M "BQ- QTiBKBxBM; i?2 KQ/2H pB
H2 /biQH2 "MBM; iQ "2 /- +QKT '2?2M/ M/ 2i'B2p2 /Q+mK2Mib it
i?72Hi2Mi "2 bQM2'- K ";BM HBxBM; i?2 H i2Mi bT +2 H2 /b iQ 2tT
?2vTQi?2b2bX h?mb QTiBKBxBM; bi'm+im>2/ H i2Mi p "B #H2 KQ/2
vVOQM/ #mBH/BM; #2ii2° " H M;m ;2 KQ/2Hbc Bi+ M#2 TTHB2/iQ BMi2
FMQrH2/;2 bT +2bX R¥r2?bTm2Vv i?2 iQTB+ Q7 P.Z BM 7m’i?2  /2i B
b?Qr i? i i?2 H2 "M2/ "2i'B2p2'b + M #2 TTHB2/iQ "2 H@rQ H/ B
i bFbX

h?2 irQ KQ/2Hb T 2b2Mi2/ BM i?Bb b2+iBQM "2Hv QM H M;m ;2
h2ti /i Bb 2bb2MiB HHv /IBb+ 2i2 M/ i?2°27Q 2 QTiBKBxBM; i?2
p B #H2 KQ/2Hb Bb +? HH2M;BM;X h?Bb rBHH #2 i?2 i?2K2 Q7 i?2
r2BMi Q/m+2 M2r 7 KBHv Q7 ;° /B2Mi 2biBK iQ ' b 7Q  /Bb+72i2 H |



	Summary
	Resumé
	Preface
	Contributions
	Acknowledgements
	Contents
	1 Introduction
	1 Thesis outline

	I Background
	2 Monte Carlo Methods
	1 Importance Sampling
	2 Gradient Estimation
	3 Conclusion

	3 Variational Inference
	1 Latent Variable Models
	2 Evidence Lower Bound
	3 Importance-Weighted Bound
	4 Variational Rényi Bound
	5 Gradient Estimation
	6 Conclusion

	4 Deep Generative Models
	1 Variational Autoencoders
	2 Language Models
	3 Conclusion


	II Deep Latent Variable Models for Language Modelling
	5 Bidirectional-Inference Variational Autoencoder
	1 Architecture
	2 Image modelling
	3 Language modelling
	4 Conclusion

	6 Language as a Latent Variable
	1 Latent Reasoning
	2 Latent Information Retrieval
	3 Conclusion


	III Importance Weighted Bounds and Optimization
	7 Optimal Variance of the Score Function Estimator
	1 Background
	2 OVIS
	3 Empirical Validation
	4 Conclusion
	5 Bias of the STL Estimator for the Importance Weighted Bound

	8 Taming Importance Weighted Bounds using Rényi Divergences
	1 Navigating Between Variational Bounds
	2 Empirical results
	3 Conclusion


	IV Medical Question Answering and Information Retrieval
	9 Zero-Shot Medical Reasoning using Large Language Models
	1 Background
	2 Medical Reasoning with Large Language Models
	3 Main Results
	4 Conclusion

	10 Learning to Search Wikipedia by Answering Medical Questions
	1 Background
	2 The Variational Open-Domain Framework
	3 Main Results
	4 Conclusion

	11 Conclusion
	1 Summary
	2 Closing remarks

	A BIVA: A Very Deep Hierarchy of Latent Variables for Generative Modeling
	B Optimal Variance Control of the Score-Function Gradient Estimator for Importance-Weighted Bounds
	C Can Large Language Models Reason about Medical Questions?
	D Variational Open-Domain Question Answering
	Bibliography


