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CHAPTER 1
Introduction



2 1 Introduction

1 Thesis outline



�� �5�I�F�T�J�T �P�V�U�M�J�O�F ��

�`�2�p�B�b�B�i�b �P�o�A�a�, �� �M�2�r �+�H���b�b �Q�7 �;�`���/�B�2�M�i �2�b�i�B�K���i�Q�`�b �7�Q�` �/�B�b�+�`�2�i�2 �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b �B�M�@
�i�`�Q�/�m�+�2�/ �B�M �S���T�2�`�" �X �q�2 �#�2�;�B�M �r�B�i�? �� �#���+�F�;�`�Q�m�M�/ �b�2�+�i�B�Q�M ���#�Q�m�i �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2
�7�Q�` �M�Q�M�@�`�2�T���`���K�2�i�2�`�B�x���#�H�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�b ���M�/ �+�Q�M�i�B�M�m�2 �r�B�i�? ���M �B�M�@�/�2�T�i�?
�i�?�2�Q�`�2�i�B�+���H �`�2�p�B�2�r �Q�7 �i�?�2 �P�o�A�a �2�b�i�B�K���i�Q�`�b�X �q�2 �+�Q�M�+�H�m�/�2 �r�B�i�? �� �#�`�B�2�7 �`�2�p�B�2�r �Q�7 �i�?�2 �2�K�@
�T�B�`�B�+���H �`�2�b�m�H�i�b ���M�/ �� �/�B�b�+�m�b�b�B�Q�M �Q�7 �i�?�2 �H�B�K�B�i���i�B�Q�M�b �Q�7 �Q�m�` �K�2�i�?�Q�/�X �*�?���T�i�2�`�3�/�B�b�+�m�b�b�2�b
�i�?�2 �m�b�2 �Q�7 �_�û�M�v�B �/�B�p�2�`�;�2�M�+�2 �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 �U�G�B ���M�/ �h�m�`�M�2�` �k�y�R�e�V �i�Q �Q�p�2�`�+�Q�K�2
�b�Q�K�2 �Q�7 �i�?�2 �H�2���`�M�B�M�; �B�b�b�m�2�b �i�?���i ���`�B�b�2 �r�?�2�M �K���t�B�K�B�x�B�M�; �B�K�T�Q�`�i���M�+�2�@�r�2�B�;�?�i�2�/ �#�Q�m�M�/�b�X
�q�2 �T�`�2�b�2�M�i �2�K�T�B�`�B�+���H �`�2�b�m�H�i�b �;���i�?�2�`�2�/ �7�`�Q�K �S���T�2�`�b�" ���M�/�. �X

�S���`�i �A�o �U�Z�j �V �*�?���T�i�2�`�b�N���M�/�R�y���`�2 �+�Q�M�+�2�`�M�2�/ �r�B�i�? �i�?�2 �T�`���+�i�B�+���H ���T�T�H�B�+���i�B�Q�M �Q�7
�H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b �7�Q�` �i�?�2 �i���b�F �Q�7 �K�2�/�B�+���H �[�m�2�b�i�B�Q�M ���M�b�r�2�`�B�M�; ���M �B�M�7�Q�`�K���i�B�Q�M
�`�2�i�`�B�2�p���H�X �*�?���T�i�2�`�N�/�2�i���B�H�b �� �K�2�i�?�Q�/ �7�Q�` ���M�b�r�2�`�B�M�; ���M�/ �`�2���b�Q�M�B�M�; ���#�Q�m�i �K�2�/�B�+���H
�[�m�2�b�i�B�Q�M�b �m�b�B�M�; �H���`�;�2 �H���M�;�m���;�2 �K�Q�/�2�H�b �U�S���T�2�`�*�V�X �*�?���T�i�2�`�R�y�+�Q�M�+�2�M�i�`���i�2�b �Q�M �i�?�2
�i���b�F �Q�7 �Q�T�2�M�@�/�Q�K���B�M �[�m�2�b�i�B�Q�M ���M�b�r�2�`�B�M�; �U�S���T�2�`�. �V�X �q�2 �T�`�2�b�2�M�i �i�?�2 �o���`�B���i�B�Q�M���H �P�T�2�M�@
�.�Q�K���B�M �U�o�P�.�V �7�`���K�2�r�Q�`�F�c �� �7�`���K�2�r�Q�`�F �7�Q�` �T�`�Q�#���#�B�H�B�b�i�B�+ ���M�/ �2�M�/�@�i�Q�@�2�M�/ �H�2���`�M�B�M�; �Q�7
�`�2�i�`�B�2�p���H�@���m�;�K�2�M�i�2�/ �H���M�;�m���;�2 �K�Q�/�2�H�b �m�b�B�M�; �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2�X �q�2 �`�2�p�B�2�r �i�?�2 �K���B�M
�2�K�T�B�`�B�+���H �`�2�b�m�H�i�b�- �+�Q�p�2�`�B�M�; �i�?�2 �i���b�F�b �Q�7 �[�m�2�b�i�B�Q�M�@���M�b�r�2�`�B�M�; ���M�/ �B�M�7�Q�`�K���i�B�Q�M �`�2�i�`�B�2�p���H�X
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�S���`�i �A

�"���+�F�;�`�Q�m�M�/





�$�)�"�1�5�&�3��
�.�P�O�U�F �$�B�S�M�P �.�F�U�I�P�E�T

�S�`�Q�#���#�B�H�B�i�v �i�?�2�Q�`�v �T�`�Q�p�B�/�2�b �� �7�`���K�2�r�Q�`�F �7�Q�` �K�Q�/�2�H�H�B�M�; �K���M�v �T�Q�b�b�B�#�H�2 �Q�m�i�+�Q�K�2�b ���M�/
�[�m���M�i�B�7�v�B�M�; �F�M�Q�r�H�2�/�;�2�c �B�i �B�b �i�?�2�`�2�7�Q�`�2 �� �+�Q�`�2 �+�Q�K�T�Q�M�2�M�i �Q�7 �K���+�?�B�M�2 �H�2���`�M�B�M�; �b�v�b�i�2�K�b�X
�A�M �i�?�B�b �i�?�2�b�B�b�- �r�2 �b�i�m�/�v �;�2�M�2�`���i�B�p�2 �T�`�Q�+�2�b�b�2�b �i�?���i ���`�2 �B�M�?�2�`�2�M�i�H�v �b�i�Q�+�?���b�i�B�+ ���M�/ �i�?�2�`�2�@
�7�Q�`�2 ���`�2 �/�B�{�+�m�H�i �i�Q �b�i�m�/�v �#�2�+���m�b�2 �i�?�2 ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �H�2���`�M�B�M�; �T�`�Q�#�H�2�K �B�b
�Q�7�i�2�M �B�M�i�`���+�i���#�H�2�X �J�Q�M�i�2 �*���`�H�Q �K�2�i�?�Q�/�b�- �+�Q�M�b�B�b�i�B�M�; �Q�7 �b�i�m�/�v�B�M�; �� �b�v�b�i�2�K �i�?�`�Q�m�;�? �`�2�@
�T�2���i�2�/ �b�B�K�m�H���i�B�Q�M�- �T�`�Q�p�B�/�2 �� �7�`���K�2�r�Q�`�F �i�Q �H�2�p�2�`���;�2 ���/�p���M�+�2�/ �+�Q�K�T�m�i�B�M�; �+���T���#�B�H�B�i�B�2�b
�i�Q �m�M�/�2�`�b�i���M�/ ���M�/ �b�Q�H�p�2 �b�m�+�? �+�Q�K�T�H�2�t �T�`�Q�#�H�2�K�b�X

�A�M �K���M�v ���T�T�H�B�+���i�B�Q�M�b�- �r�2 ���`�2 �B�M�i�2�`�2�b�i�2�/ �B�M �2�b�i�B�K���i�B�M�; �i�?�2 �r�2�B�;�?�i�2�/ ���p�2�`���;�2 �Q�7 ��
�7�m�M�+�i�B�Q�Mf �;�B�p�2�M �� �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�Mp(z) �r�?�2�`�2z �B�b �� �`���M�/�Q�K �p���`�B���#�H�2 �/�2�}�M�2�/
�Q�M �� �T�`�Q�#���#�B�H�B�i�v �b�T���+�2Z �X �h�?�B�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �B�M�i�2�;�`���H�,

F := Ep(z) [f (z)] =
Z

z2Z
p(z)f (z)dz : �U�k�X�R�V

�L�Q�M�2�i�?�2�H�2�b�b�- �2�p���H�m���i�B�M�; �i�?�2 �2�t�T�2�+�i�2�/ �p���H�m�2 �K�B�;�?�i �#�2 �B�K�T�Q�b�b�B�#�H�2 �B�M �T�`���+�i�B�+�2�- �#�2�+���m�b�2
�i�?�2 �B�M�i�2�;�`���i�B�Q�M �T�`�Q�#�H�2�K �B�b �B�M�i�`���+�i���#�H�2�- �Q�` �#�2�+���m�b�2 �i�?�2 �T�`�Q�#���#�B�H�B�i�v �K�2�i�`�B�+p(z) �B�b �m�M�@
�F�M�Q�r�M�X �J�Q�M�i�2 �*���`�H�Q �b�B�K�m�H���i�B�Q�M ���H�H�Q�r�b �m�b �i�Q �2�b�i�B�K���i�2 �i�?�2 �2�t�T�2�+�i�2�/ �p���H�m�2 �m�b�B�M�; �� �b�2�i
�Q�7N �`���M�/�Q�K �b���K�T�H�2�bz1; : : : ; zN � p(z) �/�`���r�M �B�M�/�2�T�2�M�/�2�M�i�H�v ���M�/ �r�B�i�? �`�2�T�H���+�2�K�2�M�i�,

F̂ �K�+
N :=

1
N

NX

i =1

f (zi ) �U�k�X�k�V

�h�?�2 �2�b�i�B�K���i�Q�`F̂ �K�+
N �+�Q�M�p�2�`�;�2�b �i�Q �i�?�2 �2�t�T�2�+�i�2�/ �p���H�m�2E [f (z)] �B�M �i�?�2 �H�B�K�B�i �Q�7 �H���`�;�2N �-

�B�X�2�X�- �i�?�2 �2�b�i�B�K���i�B�Q�M �2�`�`�Q�`F̂ �K�+
N � E [f (z)] �p���M�B�b�?�2�b ���bN ! 1 ���M�/ �?���b �� �p���`�B���M�+�2

�o���`
h
F̂ �K�+

N

i
=

1
N

NX

i =1

�
f (zi ) � Ep(z) [f (z)]

� 2
: �U�k�X�j�V

�h�?�B�b �K�2���M�b �i�?���i�- �;�B�p�2�M �� �b�m�{�+�B�2�M�i�H�v �H���`�;�2 �M�m�K�#�2�` �Q�7 �b���K�T�H�2�b�- �i�?�2 �B�M�i�2�;�`���H�k�X�R�+���M �#�2
���+�+�m�`���i�2�H�v ���T�T�`�Q�t�B�K���i�2�/ �r�B�i�?�Q�m�i �F�M�Q�r�B�M�; �i�?�2 ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M�X

�� �*�N�Q�P�S�U�B�O�D�F �4�B�N�Q�M�J�O�H



�� �� �.�P�O�U�F �$�B�S�M�P �.�F�U�I�P�E�T

�A�M �Q�i�?�2�` ���T�T�H�B�+���i�B�Q�M�b�- �B�i �B�b �B�K�T�Q�b�b�B�#�H�2
�i�Q �b���K�T�H�2 �7�`�Q�K �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�Mp(z)�- �2�p�2�M
�B�7 �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �2���+�? �b���K�T�H�2 �+���M �#�2
�2�p���H�m���i�2�/�X �A�M �i�?���i �b�2�i�i�B�M�;�- �A�K�T�Q�`�i���M�+�2
�b���K�T�H�B�M�; �U�A�a�V �+���M �#�2 ���T�T�H�B�2�/ �i�Q �2�p���H�m�@
���i�2 �i�?�2 �r�2�B�;�?�i�2�/ ���p�2�`���;�2 �Q�7f (z) �;�B�p�2�M
�b���K�T�H�2�b �/�`���r�M �7�`�Q�K ���T� �̀Q�T�Q�b���H�/�B�b�i�`�B�#�m�@
�i�B�Q�Mq(z) �b���i�B�b�7�v�B�M�;q(z) > 0 �r�?�2�`�2�p�2�`
p(z) > 0�X �h�?�2 �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �2�b�@
�i�B�K���i�Q�` �B�b �/�2�}�M�2�/ ���b

F̂ �B�b
N :=

1
N

NX

i =1

w(zi )f (zi ) �U�k�X�9�V

�r�B�i�?�B�K�T�Q�`�i���M�+�2 �r�2�B�;�?�i�bw(z) := p(z)
q(z) �B�b

���M �m�M�#�B���b�2�/ �2�b�i�B�K���i�2 �Q�7Ep(z) [f (z)] ���M�/
�+�Q�M�b�B�b�i�b �Q�7 �`�2�@�r�2�B�;�?�i�B�M�; �i�?�2 �b���K�T�H�2�b �7�`�Q�K
q(z) �r�B�i�? �i�?�2 �`���i�B�Q �Q�7 �/�2�M�b�B�i�B�2�bw(z)�- ���b
�B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2�k�X�R�X

�6�B�;�m�`�2 �k�X�R�,�A�K�T�Q�`�i���M�+�2 �a���K�T�H�B�M�;�X �1�b�@
�i�B�K���i�B�M�; �i�?�2 �K�2���M �Q�7p(x) �m�b�B�M�;N = 10
�b���K�T�H�2�b �7�`�Q�Kq(x) ���M�/ �r�B�i�? �B�K�T�Q�`�i���M�+�2
�r�2�B�;�?�i�b �/�2�}�M�2�/ ���bw(x) = p(x)=q(x)�X

�q�?�2�M ���T�T�H�v�B�M�; ���M �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �2�b�i�B�K���i�Q�`�- �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �T�`�Q�T�Q�b���H
�/�B�b�i�`�B�#�m�i�B�Q�M �B�b �2�b�b�2�M�i�B���H�X ���H�i�?�Q�m�;�? �i�?�2 �p���`�B���M�+�2 �Q�7 �i�?�2 �2�b�i�B�K���i�Q�`�,

Var[F̂ �B�b
N ] =

1
N

Ep(z)
�
w2(z)f 2(z) � F 2�

; �U�k�X�8�V

�b�+���H�2�b ���b� N � 1 �#�m�i �/�2�T�2�M�/�b �Q�M �i�?�2 �+�?�Q�B�+�2 �Q�7q(z)�X �h�?�2 �T�`�Q�T�Q�b���H �/�B�b�i�`�B�#�m�i�B�Q�Mq?(z)
�i�?���i �K�B�M�B�K�B�x�2�b �i�?�2 �p���`�B���M�+�2 �Q�7 �i�?�2 �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �2�b�i�B�K���i�Q�` �B�b �U�/�2�`�B�p���i�B�Q�M �#�2�@
�H�Q�r�V�,

q?(z) :=
p(z)jf (z)j

P
x 2Z p(z)jf (z)j

: �U�k�X�e�V

Var q( z) [w(z)f (z)] =

� Z

x 2Z

q(z) (w(z)f (z)) 2 dz

� � Z

x 2Z

q(z)12dz

�
� F 2

�

� Z

x 2Z

q(z)w(z)jf (z)jdz

� 2

� F 2 �U�*���m�+�?�v���a�+�?�r���`�x�V

= Z

Z

x 2Z

p2(z)f 2(z)
p(z)jf (z)j

dz � F 2

=

Z

x 2Z

q? (z)w2
? (z)f 2(z) � F 2dz

= Var q? ( z ) [w? (z)jf (z)j] :



�� �*�N�Q�P�S�U�B�O�D�F �4�B�N�Q�M�J�O�H ��

������ �4�F�M�G���O�P�S�N�B�M�J�[�F�E �J�N�Q�P�S�U�B�O�D�F �T�B�N�Q�M�J�O�H

�h�?�2 �b�i���M�/���`�/ �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �2�b�i�B�K���i�Q�` �B�b �m�M�#�B���b�2�/�X �L�Q�M�2�i�?�2�H�2�b�b�- �B�M �T�`���+�i�B�+�2�-
�r�2 �K�B�;�?�i �T�`�2�7�2�` �i�Q �m�b�2 �� �#�B���b�2�/ �b�2�H�7�@�M�Q�`�K���H�B�x�2�/ �p�2�`�b�B�Q�M �Q�7 �i�?�2 �2�b�i�B�K���i�Q�` �#�2�+���m�b�2 �i�?�2
�b�i���M�/���`�/ �2�b�i�B�K���i�Q�` �U�B�V �K�B�;�?�i �b�m�z�2�` �7�`�Q�K �?�B�;�? �p���`�B���M�+�2 �U�B�B�V �B�b �B�M�i�`���+�i���#�H�2 �#�2�+���m�b�2p(z)
�B�b �Q�M�H�v �F�M�Q�r�M �m�T �i�Q �� �+�Q�M�b�i���M�i�X�b�2�H�7�@�M�Q�`�K���H�B�x�2�/ �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�;�U�a�L�A�a�V �B�b �/�2�}�M�2�/
�#���b�2�/ �Q�M �i�?�2 �m�M�@�M�Q�`�K���H�B�x�2�/ �r�2�B�;�?�i�b�w(z) := Z � w(z) �U�r�?�2�`�2Z �B�b �� �+�Q�M�b�i���M�i�V�,

F̂ �b�M�B�b
N :=

1
N

NX

i =1

~w(zi )f (zi ) �r�?�2�`�2 ~w(zi ) :=
�w(zi )

P N
i 0=1 �w(zi 0)

: �U�k�X�3�V

�h�?�2 �2�b�i�B�K���i�Q�`F̂ �b�M�B�b
N �B�b �+�Q�M�b�B�b�i�2�M�i �U�B�X�2�X �B�i �+�Q�M�p�2�`�;�2�b �i�Q �i�?�2 �i�`�m�2 �2�t�T�2�+�i�2�/ �p���H�m�2 �r�B�i�?

�T�`�Q�#���#�B�H�B�i�v �Q�M�2�V ���b �i�?�2 �/�2�M�Q�K�B�M���i�Q�`
P N

i 0=1 �w(zi 0) �+�Q�M�p�2�`�;�2�b �i�QEq(z0) [ �w(z0)] = Z �X �h�?�2
�#�B���b �Q�7F̂ �b�M�B�b

N �b�+���H�2�b ���b� N � 1 ���M�/ �i�?�2 �p���`�B���M�+�2 �B�b ���T�T�`�Q�t�B�K���i�2�H�v �U�E�Q�M�; �R�N�N�k�V�,

Varq(z)

h
F̂ �b�M�B�b

N

i
� Varp(z)

h
F̂ �K�+

N

i
(1 + Var q(z) [ �w(z)]) : �U�k�X�N�V

�h�?�m�b�- �r�2 �+���M �2�t�T�2�+�i �i�?�2 �p���`�B���M�+�2 �Q�7 �i�?�2 �b�2�H�7�@�M�Q�`�K���H�B�x�2�/ �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �2�b�i�B�K���i�2
�i�Q �#�2 ���b �H�Q�r ���b �i�?�2 �p���`�B���M�+�2 �Q�7 �i�?�2 �b�i���M�/���`�/ �J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�2�k�X�k���b �H�Q�M�; ���b �i�?�2
�p���`�B���M�+�2 �Q�7 �i�?�2 �B�K�T�Q�`�i���M�+�2 �r�2�B�;�?�i�bVarq(z) [ �w(z)] �B�b �b�m�{�+�B�2�M�i�H�v �H�Q�r�X

������ �&�Q�F�D�U�J�W�F �T�B�N�Q�M�F �T�J�[�F

�1�[�m���i�B�Q�M�k�X�N�[�m���M�i�B�}�2�b �i�?�2 �p���`�B���M�+�2 �Q�7 �i�?�2 �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �2�b�i�B�K���i�2 �`�2�H���i�B�p�2 �i�Q
�i�?�2 �p���`�B���M�+�2 �Q�7 �� �b�i���M�/���`�/ �J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�2 �U�r�B�i�? �b���K�T�H�2�b �/�`���r�M �7�`�Q�Kp(z)�V�X
�E�Q�M�; �R�N�N�k�b�m�;�;�2�b�i�2�/ �m�b�B�M�; �i�?�2 ���#�Q�p�2 �`�2�b�m�H�i �i�Q �/�2�}�M�2 �i�?�2 �1�z�2�+�i�B�p�2 �a���K�T�H�2 �a�B�x�2 �U�1�a�a�V
�i�Q �/�B���;�M�Q�b�2 �b�2�H�7�@�M�Q�`�K���H�B�x�2�/ �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �2�b�i�B�K���i�2�b�X �h�?�2 �1�a�a �B�b �/�2�}�M�2�/ ���b�,

ne� :=
N

1 + Var q(z) ;N [ �w(z)]
�

� P N
i =1 �w(zi )

� 2

P N
i =1 �w2(zi )

: �U�k�X�R�y�V

�A�M �T�`���+�i�B�+�2�- �h�?�2 �p���H�m�2 �Q�7 �i�?�2 �2�z�2�+�i�B�p�2 �b���K�T�H�2 �b�B�x�2ne� �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �M�m�K�#�2�`
�Q�7 �b���K�T�H�2�b �/�`���r�M �7�`�Q�Kq(z) �i�?���i ���`�2 ���b�b�B�;�M�2�/ �r�B�i�? �� �r�2�B�;�?�iw(z) �r�?�B�+�? �p���H�m�2 �B�b
�b�B�;�M�B�}�+���M�i�H�v �H���`�;�2 �i�Q ���z�2�+�i �i�?�2 �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �2�b�i�B�K���i�2�c �B�i �K�2���b�m�`�2�b �?�Q�r �K���M�v
�b���K�T�H�2 �7�`�Q�Kq(z) ���`�2�2�z�2�+�i�B�p�2�H�v�m�b�2�/ �i�Q �2�b�i�B�K���i�2Ep(z) [f (z)]�X

�G�B�K�B�i���i�B�Q�M�b ���M�/ ���H�i�2�`�M���i�B�p�2 �1�a�a�h�?�2 �2�z�2�+�i�B�p�2 �b���K�T�H�2 �b�B�x�2 �K�B�;�?�i �7���B�H �r�?�2�M�2�p�2�`
���H�H �b���K�T�H�2�b �7�`�Q�Kq(z) ���`�2 �r�2�B�;�?�i�2�/ �2�[�m���H�H�v ���M�/p(z) � 0�X �A�M �i�?���i �+���b�2�- �i�?�2 �2�z�2�+�i�B�p�2
�b���K�T�H�2 �b�B�x�2 �B�b �H���`�;�2�- �#�m�i �i�?�2 �2�b�i�B�K���i�2 �B�b �H�B�F�2�H�v �B�M���+�+�m�`���i�2�c �Q�M�2 �K�B�;�?�i �i�?�2�M �i�m�`�M �i�Q �m�b�2
�i�?�2 �p���`�B���M�+�2 �Q�7F̂ �b�M�B�b

N ���b �� �b�2�+�Q�M�/���`�v �/�B���;�M�Q�b�i�B�+�X
�L�Q�M�2�i�?�2�H�2�b�b�- �h�?�2 �Q�T�i�B�K���H �T�`�Q�T�Q�b���H �/�2�}�M�2�/ �B�M �1�[�m���i�B�Q�M�k�X�e�B�b �T�`�Q�T�Q�`�i�B�Q�M���Hp(z)jf (z)j

���M�/ne� �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �p���H�m�2f (z)�X ���H�i�2�`�M���i�B�p�2�H�v�- �i�?�2 �2�z�2�+�i�B�p�2 �b���K�T�H�2 �b�B�x�2 �+���M



���� �� �.�P�O�U�F �$�B�S�M�P �.�F�U�I�P�E�T

�#�2 �/�2�}�M�2�/ �r�B�i�? �r�2�B�;�?�i�b�w(z) = j f (z) jp(z)
q(z) �- �r�?�B�+�? �B�b �i�?�2 �/�2�}�M�B�i�B�Q�M ���/�Q�T�i�2�/ �B�M �i�?�B�b �i�?�2�@

�b�B�b�X�R �A�M �6�B�;�m�`�2�k�X�k�- �r�2 �`�2�T�Q�`�i �i�?�2 �#�B���b�- �p���`�B���M�+�2 ���M�/ �2�z�2�+�i�B�p�2 �b���K�T�H�2 �b�B�x�2 �Q�7 �i�?�`�2�2
�2�b�i�B�K���i�Q�`�b�, �b�i���M�/���`�/ �J�*�- �A�a ���M�/ �a�L�A�a�X

�6�B�;�m�`�2 �k�X�k�,�o���`�B���M�+�2�- �#�B���b ���M�/ �2�z�2�+�i�B�p�2 �b���K�T�H�2 �b�B�x�2�X �1�b�i�B�K���i�B�M�; �i�?�2 �K�2���M �Q�7
p(z) = N (10; 12) �m�b�B�M�; �b�i���M�/���`�/ �J�Q�M�i�2 �*���`�H�Q �U�J�*�V�- �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �U�A�a�V ���M�/
�b�2�H�7�@�M�Q�`�K���H�B�x�2�/ �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �U�a�L�A�a�V �r�B�i�?q(z) = N (12; 22)�X �q�2 �`�2�T�Q�`�i �i�`�2�M�/�b
�7�Q�`10000�/�`���r�b �7�Q�` �2���+�? �p���H�m�2 �Q�7N = 1 : : : 10000�b���K�T�H�2�b�X

������ �1�S�J�P�S�J�U�Z �T�B�N�Q�M�J�O�H

�A�M �i�?�2 �+���b�2 �Q�7 �� �}�M�B�i�2 �b���K�T�H�B�M�; �b�T���+�2�- �2�b�i�B�K���i�B�M�; �i�?�2 �r�2�B�;�?�i�2�/ ���p�2�`���;�2 �p�B�� �b�i���M�/���`�/
�J�Q�M�i�2 �*���`�H�Q �K�B�;�?�i �#�2 �B�M�2�{�+�B�2�M�i �#�2�+���m�b�2 �2���+�? �b���K�T�H�2 �+���M �#�2 �/�`���r�M �K�m�H�i�B�T�H�2 �i�B�K�2�b�X
�S�`�B�Q�`�B�i�v �b���K�T�H�B�M�;�U�.�m�{�2�H�/�- �G�m�M�/�- ���M�/ �h�?�Q�`�m�T �k�y�y�d�V ���H�H�Q�r�b �2�b�i�B�K���i�B�M�; �i�?�2 �r�2�B�;�?�i�2�/
���p�2�`���;�2 �m�b�B�M�; �b���K�T�H�2�b �/�`���r�M �r�B�i�?�Q�m�i �`�2�T�H���+�2�K�2�M�i�X

�:�B�p�2�M �� �b���K�T�H�2 �b�T���+�2Z �Q�7 �b�B�x�2N �r�B�i�? �T�`�Q�#���#�B�H�B�i�B�2�bp1; : : : ; pN ���M�/ �� �7�m�M�+�i�B�Q�M �r�B�i�?
�p���H�m�2�bf 1; : : : ; f N �- �T�`�B�Q�`�B�i�v �b���K�T�H�B�M�; ���H�H�Q�r�b �2�b�i�B�K���i�B�M�; �i�?�2 �r�2�B�;�?�i�2�/ ���p�2�`���;�2

P N
i =1 pi f i

�m�b�B�M�; �� �b�m�#�b�2�i �Q�7K < N �b���K�T�H�2�b�X �l�b�B�M�; �� �b�2�[�m�2�M�+�2 �Q�7 �`���M�/�Q�K �r�2�B�;�?�i�bu1; : : : ; un �
Uniform(0; 1]�- �r�2 �/�2�}�M�2 �� �T�`�B�Q�`�B�i�v �F�2�vpi =ui �7�Q�` �2���+�? �p���H�m�2 �B�M �i�?�2 �b���K�T�H�B�M�; �b�T���+�2

�R�a�2�2�L�Q�r�Q�x�B�M �k�y�R�8�7�Q�` �� �;�`�2���i �B�M�i�`�Q�/�m�+�i�B�Q�M �i�Q �2�z�2�+�i�B�p�2 �b���K�T�H�2 �b�B�x�2 ���M�/�P�r�2�M �k�y�R�j�- �*�?���T�i�2�` �N�-
�7�Q�` �K�Q�`�2 �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �i�?�2 �/�B���;�M�Q�b�i�B�+ �Q�7 �B�K�T�Q�`�i���M�+�2 �b���K�T�H�2�`�b ���M�/ �i�?�2 �2�z�2�+�i�B�p�2 �b���K�T�H�2 �b�B�x�2�X



�� �(�S�B�E�J�F�O�U �&�T�U�J�N�B�U�J�P�O ����

�6�B�;�m�`�2 �k�X�j�,�S�`�B�Q�`�B�i�v �b���K�T�H�B�M�;�X �1�b�i�B�K���i�B�Q�M �Q�7F = Ep[g] �r�B�i�? �T�`�Q�#���#�B�H�B�i�B�2�bpi :=
P N

i =1
exp f i=

P
j =1

exp f j �- �r�B�i�?f i � N (0; 32) ���M�/ �r�B�i�?N = 100�X �q�2 ���T�T�H�v �J�Q�M�i�2
�*���`�H�Q �U�b���K�T�H�B�M�; �r�B�i�? �`�2�T�H���+�2�K�2�M�i�V�- �T�`�B�Q�`�B�i�v �b���K�T�H�B�M�; ���M�/ �T�`�B�Q�`�B�i�v �b���K�T�H�B�M�; �r�B�i�? �b�2�H�7�@
�M�Q�`�K���H�B�x�2�/ �r�2�B�;�?�i�b �U�b���K�T�H�B�M�; �r�B�i�?�Q�m�i �`�2�T�H���+�2�K�2�M�i�V�X �q�2 �m�b�2gi = f i �B�M �i�?�2 �H�2�7�i �b�B�/�2
�Q�7 �i�?�2 �T�H�Q�i�- ���M�/ �p���H�m�2�bgi � N (0; 32) �b���K�T�H�2�/ �B�M�/�2�T�2�M�/�2�M�i�H�v �Q�7f i �B�M �i�?�2 �`�B�;�?�i �b�B�/�2�X
�A�M �#�Q�i�? �+���b�2�b�- �b�2�H�7�@�M�Q�`�K���H�B�x�2�/ �T�`�B�Q�`�B�i�v �b���K�T�H�B�M�; �U�;�`�2�2�M�V �+�Q�M�p�2�`�;�2�b �7���b�i�2�` �i�?���M �i�?�2 �i�r�Q
�Q�i�?�2�` �2�b�i�B�K���i�Q�`�b�X

���M�/ �H�2�i� �#�2 �i�?�2K + 1 �@�i�? �H���`�;�2�b�i �F�2�v�X �h�?�2 �p���H�m�2 �Q�7 �i�?�2 �i�?�`�2�b�?�Q�H�/� �/�2�}�M�2�b �� �b�2�i
�Q�7K �b���K�T�H�2�bS = f i 2 [1; N ] j pi =ui > � g�X �S�`�B�Q�`�B�i�v �b���K�T�H�B�M�; �+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/
���b ���M �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �2�b�i�B�K���i�Q�` �r�B�i�? �r�2�B�;�?�i�bsi := max( pi ; � )�c �i�?�B�b �;�B�p�2�b �m�b ���M
�m�M�#�B���b�2�/ �2�b�i�B�K���i�2 �Q�7 �i�?�2 �r�2�B�;�?�i�2�/ ���p�2�`���;�2�,

Ep(u 1 ;:::;u N )

2

4
X

j 2 S

sj f j

3

5 =
NX

i =1

pi f i : �U�k�X�R�R�V

�h�?�2 �T�`�B�Q�`�B�i�v �b���K�T�H�B�M�; �2�b�i�B�K���i�2�k�X�R�R�B�b ���M �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �2�b�i�B�K���i�2 ���M�/ �i�?�2�`�2�@
�7�Q�`�2 �B�i �B�b �Q�7�i�2�M �#�2�M�2�}�+�B���H �i�Q ���T�T�H�v �b�2�H�7�@�M�Q�`�K���H�B�x���i�B�Q�M �U�a�2�+�i�B�Q�M�R�X�R�V �r�B�i�? �r�2�B�;�?�i�b~si =
si

P
j 2 S sj f j �X �A�M �}�;�m�`�2�k�X�j�- �r�2 �B�H�H�m�b�i�`���i�2 �T�`�B�Q�`�B�i�v �b���K�T�H�B�M�; ���M�/ �b�2�H�7�@�M�Q�`�K���H�B�x�2 �T�`�B�Q�`�@

�B�i�v �b���K�T�H�B�M�;�X �q�2 �`�2�7�2�` �i�Q�o�B�2�B�`�� �k�y�R�d�7�Q�` �K�Q�`�2 �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �T�`�B�Q�`�B�i�v �b���K�T�H�B�M�;�-
�B�M�+�H�m�/�B�M�; �i�?�2 �T�`�Q�Q�7 �Q�7 �m�M�#�B���b�2�/�M�2�b�b �7�Q�` �1�[�m���i�B�Q�M�k�X�R�R�X

�� �(�S�B�E�J�F�O�U �&�T�U�J�N�B�U�J�P�O

���m�i�Q�K���i�B�+ �/�B�z�2�`�2�M�i�B���i�B�Q�M �b�Q�7�i�r���`�2 �H�B�F�2 �h�2�M�b�Q�`�~�Q�r �U���#���/�B �2�i ���H�X �k�y�R�e�V�- �S�v�h�Q�`�+�? �U�S���b�x�F�2
�2�i ���H�X �k�y�R�N�V ���M�/ �C���s �U�6�`�Q�b�i�B�;�- �C�Q�?�M�b�Q�M�- ���M�/ �G�2���`�v �k�y�R�3�V ���H�H�Q�r �/�B�z�2�`�2�M�i�B���i�B�M�; �/�2�2�T
�M�2�m�`���H �M�2�i�r�Q�`�F�b ���M�/ �Q�T�i�B�K�B�x�B�M�; �i�?�2�K �p�B�� �#���+�F�T�`�Q�T���;���i�B�Q�M�X �A�M �i�?�2 �+���b�2 �Q�7 �J�Q�M�i�2
�*���`�H�Q �Q�#�D�2�+�i�B�p�2�b �b�m�+�? ���b �1�[�m���i�B�Q�M�k�X�R�- �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �;�`���T�? �B�M�+�H�m�/�2�b �Q�M�2 �Q�` �K���M�v
�b���K�T�H�B�M�; �b�i�2�T�b �r�?�B�+�? ���`�2 �M�Q�i �i�`�B�p�B���H�H�v �/�B�z�2�`�2�M�i�B���#�H�2�X �A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �T�`�2�b�2�M�i �/�B�z�2�`�@
�2�M�i �b�i�`���i�2�;�B�2�b �i�Q �Q�#�i���B�M �/�B�z�2�`�2�M�i�B���#�H�2 �J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�2�b �Q�7 �i�?�2 �;�`���/�B�2�M�i �Q�7 �J�Q�M�i�2
�*���`�H�Q �Q�#�D�2�+�i�B�p�2�b �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �T���`���K�2�i�2�` �Q�7 �i�?�2 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�X



���� �� �.�P�O�U�F �$�B�S�M�P �.�F�U�I�P�E�T

�q�2 �+�Q�M�b�B�/�2�` �� �/�B�b�i�`�B�#�m�i�B�Q�Mp� (z) �T���`���K�2�i�2�`�B�x�2�/ �#�v� 2 � �- ���M�/f � (z) �� �7�m�M�+�i�B�Q�M �Q�7
z �T���`���K�2�i�2�`�B�x�2�/ �#�v� 2 � �- �#�Q�i�? �/�2�}�M�2�/ �Q�M �� �T�`�Q�#���#�B�H�B�i�v �b�T���+�2Z �- �i�?�B�b �/�2�}�M�2�b �J�Q�M�i�2
�*���`�H�Q �Q�#�D�2�+�i�B�p�2

F (�; � ) := Ep� (z) [f � (z)] �U�k�X�R�k�V

���b �� �7�m�M�+�i�B�Q�M �Q�7 �#�Q�i�? �T���`���K�2�i�2�`�b�X �A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �b�2�2�F �i�Q �2�b�i�B�K���i�2 �i�?�2 �;�`���/�B�2�M�i �Q�7
�i�?�2 �b�i�Q�+�?���b�i�B�+ �Q�#�D�2�+�i�B�p�2�k�X�R�k�r�X�`�X�i�X �i�?�2 �T���`���K�2�i�2�`� �- �/�2�}�M�2�/ �?�2�`�2 ���b�,

� := r � F (�; � ) : �U�k�X�R�j�V

�h�?�2 �;�`���/�B�2�M�i �B�b �� �p�2�+�i�Q�` �Q�7 �b�B�x�2j� j�- �r�?�2�`�2 �2���+�? �/�B�K�2�M�b�B�Q�M �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �/�2�`�B�p���i�B�p�2
�Q�7F (�; � ) �r�X�`�X�i�X �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �T���`���K�2�i�2�` �/�B�K�2�M�b�B�Q�M�X �A�M �K�Q�/�2�`�M �/�2�2�T �H�2���`�M�B�M�; ���T�@
�T�H�B�+���i�B�Q�M�b�- �#�Q�i�? �i�?�2 �T�`�Q�#���#�B�H�B�i�v �b�T���+�2Z ���M�/ �i�?�2 �T���`���K�2�i�2�` �b�T���+�2� �+���M �#�2 �+�Q�K�T�Q�b�2�/
�Q�7 �� �H���`�;�2 �M�m�K�#�2�` �Q�7 �/�B�K�2�M�b�B�Q�M�b�- �K���F�B�M�; �i�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �B�M�i�2�;�`���HEp� (z) [f � (z)]
�r�X�`�X�i�X �i�?�2 �T���`���K�2�i�2�`� �B�M�i�`���+�i���#�H�2�X

�J�Q�M�i�2 �*���`�H�Q �K�2�i�?�Q�/�b �T�`�Q�p�B�/�2 �� �b�Q�H�m�i�B�Q�M �i�Q �2�b�i�B�K���i�2 �i�?�2 �;�`���/�B�2�M�i�b �#�v �b�B�K�m�H���i�B�M�;
�i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M�X �J�Q�M�i�2 �*���`�H�Q �;�`���/�B�2�M�i �2�b�i�B�K���i�Q�`�b �+���M �#�2 �+���i�2�;�Q�`�B�x�2�/ �B�M�i�Q �i�?�`�2�2
�+�H���b�b�2�b �U�J�Q�?���K�2�/ �2�i ���H�X �k�y�R�N�V�, �U�B�V �i�?�2�T���i�?�r�B�b�2 �2�b�i�B�K���i�Q�`�- �U�B�B�V �i�?�2�b�+�Q� �̀2�@�7�m�M�+�i�B�Q�M
�2�b�i�B�K���i�Q�`���M�/ �U�B�B�B�V �i�?�2�K�2���b�m� �̀2�@�p���H�m�2�/ �;� �̀��/�B�2�M�i �2�b�i�B�K���i�Q�`�X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�-
�r�2 �/�B�b�+�m�b�b �i�?�2 �T���i�?�r�B�b�2 ���M�/ �b�+�Q�`�2 �7�m�M�+�i�B�Q�M �2�b�i�B�K���i�Q�`�b ���M�/ �`�2�7�2�` �i�Q�J�Q�?���K�2�/ �2�i ���H�X
�k�y�R�N�7�Q�` �� �+�Q�K�T�`�2�?�2�M�b�B�p�2 �`�2�p�B�2�r �Q�7 �;�`���/�B�2�M�i �2�b�i�B�K���i�B�Q�M �m�b�B�M�; �J�Q�M�i�2 �*���`�H�Q �K�2�i�?�Q�/�b�X

������ �1�B�U�I�X�J�T�F �F�T�U�J�N�B�U�P�S

�h�?�2 �T���i�?�r�B�b�2 �2�b�i�B�K���i�Q�` �+�Q�M�b�B�b�i�b �B�M �2�t�T�H�Q�B�i�B�M�; �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �7�m�M�+�i�B�Q�Mf � (x ) �i�Q
�T�`�Q�p�B�/�2 ���M �2�b�i�B�K���i�2 �Q�7 �i�?�2 �;�`���/�B�2�M�i�X �:�B�p�2�M �� �#���b�2 �/�B�b�i�`�B�#�m�i�B�Q�Mp� (z)�- �B�7 �� �/�2�i�2�`�K�B�M�B�b�i�B�+
�b���K�T�H�B�M�; �T���i�?g(� ; � ) ���M�/ �� �#���b�2 �/�B�b�i�`�B�#�m�i�B�Q�Mp(� ) �+���M �#�2 �7�Q�m�M�/ �b�m�+�? �i�?���i �i�?�2 �b���K�T�H�B�M�;
�T�`�Q�+�2�b�b�2�bz � p� (z) ���M�/z = g� (� ); � � p(� ) ���`�2 �2�[�m�B�p���H�2�M�i�X �h�?�2�M�- �#�v �i�?�2�H���r �Q�7 �i�?�2
�m�M�+�Q�M�b�+�B�Q�m�b �b�i���i�B�b�i�B�+�B���M�U�G�P�h�l�a�V �U�:�`�B�K�K�2�i�i�- �:�`�B�K�K�2�i�i�- ���M�/ �a�i�B�`�x���F�2�` �k�y�y�R�V�- �i�?�2
�Q�#�D�2�+�i�B�p�2F (�; � ) �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b ���M �2�t�T�2�+�i���i�B�Q�M �Q�p�2�` �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�Mp(� )�,

F (�; � ) = Ep( � ) [f � (g� (� ))] : �U�k�X�R�9�V

�h�?���M�F�b �i�Q �i�?�B�b �`�2�@�T���`���K�2�i�2�`�B�x���i�B�Q�M �Q�7 �i�?�2 �b���K�T�H�B�M�; �T���i�?�- �i�?�2 �T���`���K�2�i�2�`� �B�b �K���/�2
�B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �b���K�T�H�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�M ���M�/ �+���M �#�2�T�m�b�?�2�/ �B�M�i�?�2 �+�Q�b�i �7�m�M�+�i�B�Q�M�,

r � F (�; � ) = Ep( � ) [r � f � (g� (� ))] : �U�k�X�R�8�V

�1�[�m���i�B�Q�M�k�X�R�8�+���M �#�2 �2�b�i�B�K���i�2�/ �p�B�� �J�Q�M�i�2 �*���`�H�Q�c �i�?�B�b �/�2�}�M�2�b �i�?�2 �T���i�?�r�B�b�2 �2�b�i�B�K���i�Q�`�,

�� pathwise
K :=

1
K

NX

i =1

r � f � (g� (� i )) ; � 1; : : : ; � K � p(� ) : �U�k�X�R�e�V

�h�?�2 �2�b�i�B�K���i�Q�`�k�X�R�e�+���M �#�2 �2�p���H�m���i�2�/ �m�b�B�M�; ���m�i�Q�K���i�B�+ �/�B�z�2�`�2�M�i�B���i�B�Q�M �T���+�F���;�2�b�- ���H�H�Q�r�@
�B�M�; �7�Q�` �2�M�/�@�i�Q�@�2�M�/ �Q�T�i�B�K�B�x���i�B�Q�M �Q�7 �b�i�Q�+�?���b�i�B�+ �Q�#�D�2�+�i�B�p�2�b�X �A�i �?���b �#�2�2�M �T�Q�T�m�H���`�B�x�2�/ �B�M



�� �(�S�B�E�J�F�O�U �&�T�U�J�N�B�U�J�P�O ����

�i�?�2 �}�2�H�/ �Q�7 �/�2�2�T �H�2���`�M�B�M�; ���b �i�?�2� �̀2�T��� �̀��K�2�i�2�`�B�x���i�B�Q�M �i�`�B�+�F�U�E�B�M�;�K�� ���M�/ �q�2�H�H�B�M�; �k�y�R�9���V�-
���M�/ ���b�b�i�Q�+�?���b�i�B�+ �#���+�F�T� �̀Q�T���;���i�B�Q�M�U�_�2�x�2�M�/�2�- �J�Q�?���K�2�/�- ���M�/ �q�B�2�`�b�i�`�� �k�y�R�9�V ���M�/ �?���b
�b�B�M�+�2 �i�?�2�M �#�2�2�M �r�B�/�2�H�v ���/�Q�T�i�2�/ �#�v �i�?�2 �+�Q�K�K�m�M�B�i�v�X �q�?�2�M ���T�T�H�B�+���#�H�2�- �i�?�2 �2�b�i�B�K���i�Q�`
�T�`�Q�p�B�/�2�b �� �H�Q�r �p���`�B���M�+�2 �2�b�i�B�K���i�Q�` �B�M �K�Q�b�i �b�2�i�i�B�M�;�b �i�?���M�F�b �i�Q �i�?�2 �b�i�`�m�+�i�m�`���H �B�M�7�Q�`�K���@
�i�B�Q�M �T�`�Q�p�B�/�2�/ �#�v �i�?�2 �/�B�z�2�`�2�M�i�B���i�B�Q�M �Q�7 �i�?�2 �b���K�T�H�B�M�; �T���i�?�X �L�Q�M�2�i�?�2�H�2�b�b�- �i�?�2 �2�b�i�B�K���i�Q�`
�+���M�M�Q�i �#�2 �/�B�`�2�+�i�H�v ���T�T�H�B�2�/ �i�Q �/�B�b�+�`�2�i�2 �/�B�b�i�`�B�#�m�i�B�Q�M�b�X �A�M �i�?���i �+���b�2�- �r�2 �K�B�;�?�i �i�m�`�M �i�Q
�Q�i�?�2�` �2�b�i�B�K���i�Q�`�b�- �b�m�+�? ���b �i�?�2 �b�+�Q�`�2 �7�m�M�+�i�B�Q�M �2�b�i�B�K���i�Q�`�X

������ �4�D�P�S�F �G�V�O�D�U�J�P�O �F�T�U�J�N�B�U�P�S

�A�M �b�i���i�B�b�i�B�+�b�- �i�?�2�b�+�Q� �̀2 �7�m�M�+�i�B�Q�M�B�b �/�2�}�M�2�/ ���b �i�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �H�Q�; �T�`�Q�#���#�B�H�B�i�v
r � logp� (z) �r�X�`�X�i�X �i�?�2 �T���`���K�2�i�2�`� �X �h�?�2 �b�+�Q�`�2 �7�m�M�+�i�B�Q�M �2�b�i�B�K���i�Q�` �+�Q�M�b�B�b�i�b �B�M �m�i�B�@
�H�B�x�B�M�; �i�?�2 �B�/�2�M�i�B�i�vr � logp� (z) = r � p� (z)=p� (z) �i�Q �2�t�T�`�2�b�b �i�?�2 �;�`���/�B�2�M�i �Q�7 �Q�#�D�2�+�i�B�p�2
�7�m�M�+�i�B�Q�M ���b ���M �2�t�T�2�+�i�2�/ �p���H�m�2 �Q�7 �i�?�2 �;�`���/�B�2�M�ir � logp� (z) �r�2�B�;�?�i�2�/ �#�v �i�?�2 �p���H�m�2f � (z)�,

r � F (�; � ) = r �

Z

z
p� (z)f � (z)dz �U�k�X�R�d���V

=
Z

z
r � p� (z)f � (z)dz �U�k�X�R�d�#�V

=
Z

z
p� (z)r � logp� (z)f � (z)dz �U�k�X�R�d�+�V

= Ep� (z) [f � (z)r � logp� (z)] : �U�k�X�R�d�/�V

�1�b�i�B�K���i�B�M�; �1�[�m���i�B�Q�M�k�X�R�d�/�p�B�� �J�Q�M�i�2 �*���`�H�Q �v�B�2�H�/�b �i�?�2 �b�+�Q�`�2 �7�m�M�+�i�B�Q�M �;�`���/�B�2�M�i �2�b�i�B�K���@
�i�Q�`�E�H�2�B�D�M�2�M ���M�/ �_�m�#�B�M�b�i�2�B�M �R�N�N�e�- ���H�b�Q �F�M�Q�r�M ���b �i�?�2�_�1�A�L�6�P�_�*�1�2�b�i�B�K���i�Q�` �U�q�B�H�H�B���K�b
�R�N�N�k�V�,

�� reinforce
K :=

1
K

NX

i =1

f � (z)r � logp� (zi ); z1; : : : ; zK � p� (z) : �U�k�X�R�3�V

�h�?�2 �b�+�Q�`�2 �7�m�M�+�i�B�Q�M �2�b�i�B�K���i�Q�` �B�b �;�2�M�2�`���H�H�v ���T�T�H�B�+���#�H�2�- ���M�/ �/�Q�2�b�M�ö�i �`�2�[�m�B�`�2 �i�?�2 �7�m�M�+�i�B�Q�M
f � �i�Q �#�2 �/�B�z�2�`�2�M�i�B���#�H�2�- �M�Q�` �/�Q�2�b �B�i �`�2�[�m�B�`�2p� (z) �i�Q �#�2 �`�2�T���`���K�2�i�2�`�B�x���#�H�2�X �h�?�B�b �K���F�2�b
�_�1�A�L�6�P�_�*�1 �� �;�`�2���i �+���M�/�B�/���i�2 �7�Q�` �Q�T�i�B�K�B�x�B�M�; �#�H���+�F�@�#�Q�t �b�v�b�i�2�K�b�- �b�i�Q�+�?���b�i�B�+ �+�Q�M�i�`�Q�H
�~�Q�r�b�- �Q�` �/�B�b�+�`�2�i�2 �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b�X �h�?�B�b �2�b�i�B�K���i�Q�` �B�b ���H�b�Q �B�M�7���K�Q�m�b �7�Q�` �b�m�z�2�`�B�M�;
�7�`�Q�K �?�B�;�? �p���`�B���M�+�2�X �L�Q�M�2�i�?�2�H�2�b�b�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �`�2�/�m�+�2 �p���`�B���M�+�2 �#�v �+�Q�m�T�H�B�M�; �i�?�2
�2�b�i�B�K���i�Q�` �r�B�i�? �+�Q�M�i�`�Q�H �p���`�B���i�2�b �U�a�2�+�i�B�Q�M�k�X�9�V�X

������ �"�T�T�F�T�T�J�O�H �H�S�B�E�J�F�O�U �F�T�U�J�N�B�U�P�S�T

�"�B���b ���M�/ �p���`�B���M�+�2�J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�2�b �Q�7 �i�?�2 �;�`���/�B�2�M�i� = r � F (�; � ) ���`�2
�K�m�H�i�B�p���`�B���i�2 �`���M�/�Q�K �p���`�B���#�H�2�b ���M�/ �i�?�2�B�` �/�B�b�i�`�B�#�m�i�B�Q�M�b �+���M �#�2 �2�p���H�m���i�2�/ �#�v �b�i�m�/�v�B�M�;
�i�?�2�B�` �K�Q�K�2�M�i�b�, �i�?�2 �2�t�T�2�+�i�2�/ �p���H�m�2E [�� K ]�- �r�B�i�? ���b�b�Q�+�B���i�2�/ �#�B���bkE [�� K ] � � k�- ���M�/
�i�?�2 �+�Q�p���`�B���M�+�2Cov [�� K ]�X �A�M �T�`���+�i�B�+�2�- �i�?�B�b �B�b �?�Q�r�2�p�2�` �Q�7�i�2�M �b�B�K�T�H�2�` ���M�/ �B�M�7�Q�`�K���i�B�p�2
�2�M�Q�m�;�? �i�Q �b�i�m�/�v �i�?�2 �#�B���b ���M�/ �p���`�B���M�+�2 �Q�7 �2���+�? �T���`���K�2�i�2�` �+�Q�K�T�Q�M�2�M�i �b�2�T���`���i�2�H�v�X



���� �� �.�P�O�U�F �$�B�S�M�P �.�F�U�I�P�E�T

�l�M�#�B���b�2�/ �2�b�i�B�K���i�Q�`�b ���`�2 �Q�7�i�2�M �T�`�2�7�2�`�`�2�/ �i�Q �i�?�2�B�` �#�B���b�2�/ �+�Q�m�M�i�2�`�T���`�i�b �#�2�+���m�b�2 �m�M�#�B�@
���b�2�/�M�2�b�b �;�m���`���M�i�2�2�b �i�?���i �B�M�+�`�2���b�B�M�; �i�?�2 �M�m�K�#�2�` �Q�7 �b���K�T�H�2�b �r�B�H�H �`�2�b�m�H�i �B�M �� �K�Q�`�2 ���+�+�m�@
�`���i�2 �2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �i�`�m�2 �;�`���/�B�2�M�i�b�X �h�r�Q �m�M�#�B���b�2�/ �2�b�i�B�K���i�Q�`�b �?���p�2 �2�[�m���H �2�t�T�2�+�i�2�/
�p���H�m�2�b�X �A�M �i�?���i �+���b�2�- �b�i�m�/�v�B�M�; �i�?�2 �p���`�B���M�+�2 �B�b �b�m�{�+�B�2�M�i �i�Q �+�Q�K�T���`�2 �#�Q�i�? �2�b�i�B�K���i�Q�`�b�X

�a�L�_ �L�Q�M�2�i�?�2�H�2�b�b�- ���b �2�t�T�H�Q�`�2�/ �B�M �*�?���T�i�2�`�3�- �B�i �B�b �b�Q�K�2�i�B�K�2�b �M�2�+�2�b�b���`�v �i�Q �i�`���/�2
�m�M�#�B���b�2�/�M�2�b�b �7�Q�` �H�Q�r�2�`�@�p���`�B���M�+�2 �2�b�i�B�K���i�2�b�X �A�M �i�?���i �+���b�2�- �+�Q�K�T���`�B�M�; �#�B���b�2�/ �2�b�i�B�K���i�Q�`�b
�`�2�[�m�B�`�2�b �7�m�`�i�?�2�` �F�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �i���b�F�X �l�H�i�B�K���i�2�H�v �2�p���H�m���i�B�M�; �i�?�2 �2�M�/ �T�2�`�7�Q�`�K���M�+�2�b
�Q�M �i�?�2 �/�Q�r�M�b�i�`�2���K �i���b�F �B�b �i�?�2 �B�/�2���H �b�Q�H�m�i�B�Q�M�- �#�m�i �B�M�i�2�`�K�2�/�B���i�2 �;�`���/�B�2�M�i �b�i���i�B�b�i�B�+�b
�+���M �b�i�B�H�H �#�2 �?�2�H�T�7�m�H�X �h�?�2 �b�B�;�M���H�@�i�Q�@�M�Q�B�b�2 �`���i�B�Q �U�a�L�_�V �U�_���B�M�7�Q�`�i�? �2�i ���H�X �k�y�R�3�V �;���m�;�2�b
�i�?�2 �[�m���H�B�i�v �Q�7 �� �;�`���/�B�2�M�i �2�b�i�B�K���i�2 �#�v �K�2���b�m�`�B�M�; �i�?�2 ���K�Q�m�M�i �Q�7 �M�Q�B�b�2 �`�2�H���i�B�p�2 �i�Q �i�?�2
�K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �2�t�T�2�+�i�2�/ �p���H�m�2 �U�_���B�M�7�Q�`�i�? �2�i ���H�X �k�y�R�3�V�X �h�?�2 �a�L�_ �B�b �/�2�}�M�2�/ �7�Q�` �i�?�2
i �i�? �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �T���`���K�2�i�2�` �p�2�+�i�Q�`� i ���b

SNR [�� K (i )] =
jE [�� K (i )] j

p
Var [�� K (i )]

: �U�k�X�R�N�V

������ �$�P�O�U�S�P�M �W�B�S�J�B�U�F�T

�h�?�2 �+�Q�K�T�m�i���i�B�Q�M �`�2�[�m�B�`�2�K�2�M�i�b �;�`�Q�r �H�B�M�2���`�H�v �r�B�i�? �i�?�2 �M�m�K�#�2�` �Q�7 �b���K�T�H�2�bK �X �q�?�2�M
�r�Q�`�F�B�M�; �m�M�/�2�` �� �+�Q�M�b�i�`���B�M�2�/ �+�Q�K�T�m�i���i�B�Q�M���H �#�m�/�;�2�i�- �`�2�/�m�+�B�M�; �i�?�2 �p���`�B���M�+�2 �Q�7 �� �;�`���@
�/�B�2�M�i �2�b�i�B�K���i�Q�` �B�b �F�2�v �i�Q �B�K�T�`�Q�p�B�M�; �H�2���`�M�B�M�;�X �h�?�2 �p���`�B���M�+�2 �Q�7 ��K �@�b���K�T�H�2�b �;�`���/�B�2�M�i
�2�b�i�B�K���i�Q�`� K �+���M �#�2 �`�2�/�m�+�2 �m�b�B�M�; ���+�Q�M�i� �̀Q�H �p���`�B���i�2� �r�?�B�+�? �p���H�m�2 �+�Q�`�`�2�H���i�2�b �r�B�i�?�
�b�m�+�? �i�?���i�,

E [� ] = 0 ���M�/ Var [ � K � � ] � Var [ � K ] : �U�k�X�k�y�V

���H�i�?�Q�m�;�? �p���`�B���M�+�2 �+�Q�M�i�`�Q�H �+���M �#�2 ���T�T�H�B�2�/ �i�Q �T���i�?�r�B�b�2 �2�b�i�B�K���i�Q�` �U�_�Q�2�/�2�`�- �q�m�-
���M�/ �.�m�p�2�M���m�/ �k�y�R�d�c�h�m�+�F�2�` �2�i ���H�X �k�y�R�N�V�- �p���`�B���M�+�2 �+�Q�M�i�`�Q�H �B�b �K�Q�`�2 �Q�7�i�2�M �m�i�B�H�B�x�2�/ �B�M
�+�Q�K�#�B�M���i�B�Q�M �r�B�i�? �i�?�2 �b�+�Q�`�2 �7�m�M�+�i�B�Q�M �2�b�i�B�K���i�Q�` �#�2�+���m�b�2 �B�i�b �b�i�`�m�+�i�m�`�2 �+���M �K�Q�`�2 �2���b�B�H�v �#�2
�2�t�T�H�Q�B�i�2�/�X �h�?�2 �2�t�T�2�+�i�2�/ �p���H�m�2 �Q�7 �i�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �b�+�Q�`�2 �7�m�M�+�i�B�Q�M �B�b �x�2�`�Q�- �i�?�2�`�2�7�Q�`�2
�7�Q�` �� �+�Q�M�b�i���M�i �#���b�2�H�B�M�2c �U�2�X�;�X�-c = E[f � (z)]�V�- �r�2 �?���p�2�,

Ep� (z) [c � r � logp� (z)] = c � Ep� (z)

�
r � p� (z)

p� (z)

�
= c � r � Ep� (z) [1] = 0 : �U�k�X�k�R�V

�q�?�2�M �2�b�i�B�K���i�B�M�; �i�?�2 �2�b�i�B�K���i�Q�`�� reinforce
K �U�1�[�m���i�B�Q�M�k�X�R�3�V �m�b�B�M�;K > 1�- �B�i �B�b �T�Q�b�@

�b�B�#�H�2 �i�Q �`�2�+�v�+�H�2 �i�?�2 �b�2�i �Q�7 �b���K�T�H�2�bz1:K := f z1; : : : zK g ���M�/ �i�?�2�B�` �T�`�2�7���+�i�Q�` �p���H�m�2�b
f � (z1); : : : f � (zK ) �B�M �i�?�2 �/�2�b�B�;�M �Q�7 �#���b�2�H�B�M�2�b �U�J�M�B�? ���M�/ �_�2�x�2�M�/�2 �k�y�R�e�V�X �A�M�/�2�2�/�- �;�B�p�2�M
�B�M�/�2�T�2�M�/�2�M�i�H�v �/�`���r�M �b���K�T�H�2�b�- �i�?�2 �p���H�m�2 �Q�7 �� �7�m�M�+�i�B�Q�Mf̂ � (z� i )�- �i�?���i �i���F�2�b �i�?�2 �b�2�i �Q�7
�b���K�T�H�2�bz� i = z1:K nf zi g ���b ���`�;�m�K�2�M�i�- �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �p���`�B���#�H�2z�- ���M�/ �i�?�2�`�2�7�Q�`�2



�� �$�P�O�D�M�V�T�J�P�O ����

�B�M�/�2�T�2�M�/�2�M�i �Q�7 ���H�H �7�m�M�+�i�B�Q�M�b �Q�7z�X �A�i �7�Q�H�H�Q�r�b �i�?���i

Ep� (z1: K )

h
f̂ � (z� i )r � logp� (zi )

i
= Ep� (z1: K )

h
f̂ � (z� i )

i =0 �U�1�[�m���i�B�Q�M�k�X�k�R�V
z }| {
Ep� (z1: K ) [r � logp� (zi )]

+ Cov p� (z1: K )

h
f̂ � (z� i ); r � logp� (zi )

i

| {z }
=0 �U�B�M�/�2�T�2�M�/�2�M�+�2 �Q�7z i ���M�/z � i �V

�U�k�X�k�k�V

���M�/ �i�?�2�`�2�7�Q�`�2 �� �K�m�H�i�B�@�b���K�T�H�2 �#���b�2�H�B�M�2 �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�`�K �?���b �x�2�`�Q �2�t�T�2�+�i���i�B�Q�M�,

� (z1:K ) :=
KX

i =1

f̂ � (z� i )r � logp� (zi ); z1:K � p� (z1:K ) : �U�k�X�k�j�V

�� �$�P�O�D�M�V�T�J�P�O

�q�2 �`�2�p�B�2�r�2�/ �i�?�2 �#���b�B�+�b �Q�7 �2�p���H�m���i�B�M�; �J�Q�M�i�2 �*���`�H�Q �Q�#�D�2�+�i�B�p�2�b ���M�/ �i�?�2�B�` �;�`���/�B�2�M�i�b�X
�A�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �B�b �� �K�2�i�?�Q�/ �7�Q�` �2�p���H�m���i�B�M�; �b�i�Q�+�?���b�i�B�+ �Q�#�D�2�+�i�B�p�2�b �;�B�p�2�M �b���K�T�H�2�b
�/�`���r�M �7�`�Q�K ���m�t�B�H�B���`�v �/�B�b�i�`�B�#�m�i�B�Q�M�b�- �r�?�B�+�? �B�b �2�b�T�2�+�B���H�H�v �m�b�2�7�m�H �r�?�2�M �b���K�T�H�2�b �7�`�Q�K �i�?�2
�i���`�;�2�i �/�B�b�i�`�B�#�m�i�B�Q�M �+���M�M�Q�i �#�2 �Q�#�i���B�M�2�/�X �q�2 �T�`�2�b�2�M�i�2�/ �i�r�Q �b�Q�H�m�i�B�Q�M�b �i�Q �2�b�i�B�K���i�B�M�; �i�?�2
�;�`���/�B�2�M�i�b �Q�7 �J�Q�M�i�2 �*���`�H�Q �Q�#�D�2�+�i�B�p�2�b�, �i�?�2 �T���i�?�r�B�b�2 �2�b�i�B�K���i�Q�`�- �� �H�Q�r�@�p���`�B���M�+�2 �;�`���/�B�2�M�i
�2�b�i�B�K���i�Q�` ���T�T�H�B�+���#�H�2 �i�Q �`�2�T���`���K�2�i�2�`�B�x���#�H�2 �/�B�b�i�`�B�#�m�i�B�Q�M�b ���M�/ �i�?�2 �b�+�Q�`�2 �7�m�M�+�i�B�Q�M �2�b�i�B�@
�K���i�Q�`�- �r�?�B�+�? �B�b �K�Q�`�2 �r�B�/�2�H�v ���T�T�H�B�+���#�H�2 �#�m�i �b�m�z�2�`�b �7�`�Q�K �?�B�;�? �p���`�B���M�+�2 �m�M�H�2�b�b �2�z�2�+�i�B�p�2
�+�Q�M�i�`�Q�H �p���`�B���i�2�b �+���M �#�2 �/�2�b�B�;�M�2�/�X �A�M �*�?���T�i�2�`�d�- �r�2 �r�B�H�H �T�`�2�b�2�M�i �� �M�Q�p�2�H �+�Q�M�i�`�Q�H �p���`�B���i�2
�7�Q�` �i�?�2 �b�+�Q�`�2 �7�m�M�+�i�B�Q�M �2�b�i�B�K���i�Q�`�X

�J�Q�M�i�2 �*���`�H�Q �K�2�i�?�Q�/�b �Q�z�2�` ���M �2�H�2�;���M�i �7�`���K�2�r�Q�`�F �i�Q �i�`���/�2 �+�Q�K�T�m�i���i�B�Q�M �7�Q�` �#�2�i�i�2�`
�2�b�i�B�K���i�B�Q�M ���+�+�m�`���+�v�X �L�Q�M�2�i�?�2�H�2�b�b�- �B�M �i�?�2 �+���b�2 �Q�7 �+�Q�K�T�H�2�t �b�i�Q�+�?���b�i�B�+ �T�`�Q�+�2�b�b�2�b�- �+�Q�K�@
�T�m�i���i�B�Q�M �`�2�b�Q�m�`�+�2�b ���`�2 �+�Q�M�b�i�`���B�M�2�/�- ���M�/ �b�i���M�/���`�/ �J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�2�b �?���p�2 �?�B�;�?
�p���`�B���M�+�2�X �A�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �B�b �� �b�Q�H�m�i�B�Q�M �i�Q �i�?�B�b �T�`�Q�#�H�2�K�X �L�Q�M�2�i�?�2�H�2�b�b �B�/�2�M�i�B�7�v�B�M�;
���M ���/�2�[�m���i�2 �T�`�Q�T�Q�b���H �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �b�i�B�H�H �`�2�[�m�B�`�2�/�X �h�?�B�b �r�B�H�H �#�2 �i�?�2 �i�Q�T�B�+ �Q�7 �i�?�2 �M�2�t�i
�+�?���T�i�2�`�- �B�M �r�?�B�+�? �r�2 �r�B�H�H �/�B�b�+�m�b�b �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b ���M�/ �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2�X



����



�$�)�"�1�5�&�3��
�7�B�S�J�B�U�J�P�O�B�M �*�O�G�F�S�F�O�D�F

�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �b�i�m�/�v �i�?�2 �T�`�Q�#�H�2�K �Q�7 �B�M�7�2�`�2�M�+�2 �B�M�H���i�2�M�i �p���`�B���#�H�2�K�Q�/�2�H�b�X �G���i�2�M�i
�p���`�B���#�H�2�b ���`�2 �m�M�Q�#�b�2�`�p�2�/ �p���`�B���#�H�2�b ���M�/ �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b �/�2�}�M�2�/ �� �;�2�M�2�`���i�B�p�2
�T�`�Q�+�2�b�b �/�2�}�M�B�M�; �� �/�B�`�2�+�i�2�/ �T���i�? �7�`�Q�K �i�?�2�H���i�2�M�i�b�T���+�2 �i�Q �i�?�2�Q�#�b�2�`�p���i�B�Q�M�b�T���+�2�X �A�M�@
�7�2�`�2�M�+�2 �+�Q�M�b�B�b�i�b �B�M �B�/�2�M�i�B�7�v�B�M�; �i�?�2 �`�2�p�2�`�b�2 �T�`�Q�+�2�b�b�, �[�m���M�i�B�7�v�B�M�; �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 ���M
�m�M�Q�#�b�2�`�p�2�/ �p���`�B���#�H�2 �;�B�p�2�M ���M �Q�#�b�2�`�p�2�/ �p���`�B���#�H�2�X ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M�b �i�Q �i�?�B�b �T�`�Q�#�@
�H�2�K ���`�2 �;�2�M�2�`���H�H�v �B�M�i�`���+�i���#�H�2�X �A�M�b�i�2���/ �Q�7 �b�Q�H�p�B�M�; �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 �Q�7 �;�`���T�?�B�+���H
�K�Q�/�2�H�b �2�t���+�i�H�v�-

�ó�p���`�B���i�B�Q�M���H �K�2�i�?�Q�/�b �+�Q�M�p�2�`�i �� �+�Q�K�T�H�2�t �T� �̀Q�#�H�2�K �B�M�i�Q �� �b�B�K�T�H�2�` �T� �̀Q�#�H�2�K�- �r�?�2� �̀2 �i�?�2
�b�B�K�T�H�2�` �T� �̀Q�#�H�2�K �B�b �;�2�M�2� �̀��H�H�v �+�?��� �̀��+�i�2�`�B�x�2�/ �#�v �� �/�2�+�Q�m�T�H�B�M�; �Q�7 �i�?�2 �/�2�;� �̀2�2�b �Q�7 �7� �̀2�2�/�Q�K
�B�M �i�?�2 �Q�`�B�;�B�M���H �T� �̀Q�#�H�2�K�X �h�?�B�b �/�2�+�Q�m�T�H�B�M�; �B�b ���+�?�B�2�p�2�/ �p�B�� ���M �2�t�T���M�b�B�Q�M �Q�7 �i�?�2 �T� �̀Q�#�H�2�K
�i�Q �B�M�+�H�m�/�2 ���/�/�B�i�B�Q�M���H �T��� �̀��K�2�i�2�`�b�- �F�M�Q�r�M ���b �p���`�B���i�B�Q�M���H �T��� �̀��K�2�i�2�`�b�- �i�?���i �K�m�b�i �#�2 �}�i
�i�Q �i�?�2 �T� �̀Q�#�H�2�K ���i �?���M�/�X�ô �� �C�Q�`�/���M �2�i ���H�X �R�N�N�N�X

�A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�b�- �r�2 �#�2�;�B�M �r�B�i�? ���M �B�M�i�`�Q�/�m�+�i�B�Q�M �i�Q �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b
�#�2�7�Q�`�2 �/�B�b�+�m�b�b�B�M�; �i�?�2 �i�Q�T�B�+ �Q�7 �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2�X �q�2 �`�2�p�B�2�r �K�m�H�i�B�T�H�2 �p���`�B���i�B�Q�M���H
�Q�#�D�2�+�i�B�p�2�b�- �r�?�B�+�? ���H�H �+���M �#�2 ���T�T�H�B�2�/ �i�Q �H�2���`�M �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b �p�B�� �K���t�B�K�m�K
�H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�B�Q�M�X �q�2 �+�Q�M�+�H�m�/�2 �r�B�i�? �/�2�`�B�p�B�M�; �;�`���/�B�2�M�i �2�b�i�B�K���i�2�b �Q�7 �i�?�2 �p���`�B���i�B�Q�M���H
�Q�#�D�2�+�i�B�p�2�b �m�b�B�M�; �i�?�2 �J�Q�M�i�2 �*���`�H�Q �K�2�i�?�Q�/�b �T�`�2�b�2�M�i�2�/ �B�M �*�?���T�i�2�`�k�X

�� �-�B�U�F�O�U �7�B�S�J�B�C�M�F �.�P�E�F�M�T

�q�2 �+�Q�M�b�B�/�2�` ���M �Q�#�b�2�`�p���#�H�2 �`���M�/�Q�K �p���`�B���#�H�2x �/�2�}�M�2�/ �Q�M �� �b�T���+�2X ���M�/ ���M �m�M�Q�#�b�2�`�p�2�/
�`���M�/�Q�K �p���`�B���#�H�2z �/�2�}�M�2�/ �Q�M �� �H���i�2�M�i �b�T���+�2Z �r�B�i�? �T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�Mp� (z)�X �q�2 �/�2�}�M�2
�i�?�2 �/�2�+�Q�/�2�` �Q�7 �i�?�2 �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H ���b �� �+�Q�M�/�B�i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�Mp� (x j z)�X �h�?�B�b
�`�2�b�m�H�i�b �B�M �� �H���i�2�M�i �p���`�B���#�H�2 �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H �+�?���`���+�i�2�`�B�x�2�/ �#�v �i�?�2�D�Q�B�M�i�/�B�b�i�`�B�#�m�i�B�Q�M�,

p� (x ; z) := p� (x j z) p� (z) : �U�j�X�R�V

���H�i�?�Q�m�;�? �i�?�2 �p���`�B���#�H�2z �B�b �M�Q�i �Q�#�b�2�`�p�2�/�- �T�`�B�Q�` �F�M�Q�r�H�2�/�;�2 ���#�Q�m�i �i�?�2 �i���`�;�2�i �;�2�M�2�`���i�B�p�2
�T�`�Q�+�2�b�bx � p�/���i�� (x ) �+���M �#�2 �2�M�+�Q�/�2�/ �r�B�i�? ���M ���/�2�[�m���i�2 �+�?�Q�B�+�2 �Q�7 �b�T���+�2Z �- �T�`�B�Q�`p� (z)
���M�/ �/�2�+�Q�/�2�`p� (z j x )�X

�J���`�;�B�M���H �G�B�F�2�H�B�?�Q�Q�/�h�?�2 �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M �/�2�b�+�`�B�#�2�b �� �;�2�M�2�`���i�B�p�2 �T�`�Q�+�2�b�b �+�Q�M�@
�i�`�Q�H�H�2�/ �#�v �� �T���`���K�2�i�2�`� �- �i�?���i ���H�H�Q�r�b �}�`�b�i �b���K�T�H�B�M�; �� �H���i�2�M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M ���M�/ �i�?�2�M
�;�2�M�2�`���i�B�M�; �� �+�Q�`�`�2�b�T�Q�M�/�B�M�; �Q�#�b�2�`�p���i�B�Q�M�X �1�p�2�M �r�B�i�? �� �b�B�K�T�H�2 �T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�Mp� (z)�-



���� �� �7�B�S�J�B�U�J�P�O�B�M �*�O�G�F�S�F�O�D�F

�i�?�2 �+�Q�m�T�H�B�M�; �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�Mp� (x ; z) �`�2�b�m�H�i�b �B�M �K�Q�/�2�H�H�B�M�; �K�Q�`�2 �+�Q�K�@
�T�H�2�t �/�2�M�b�B�i�B�2�b �B�M �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �b�T���+�2X �p�B�� �K���`�;�B�M���H�B�x���i�B�Q�M �Q�7 �i�?�2 �H���i�2�M�i �p���`�B���#�H�2
z 2 Z �X �h�?�B�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2�K��� �̀;�B�M���H �H�B�F�2�H�B�?�Q�Q�/�,

p� (x ) :=
Z

Z
p� (x ; z)dz =

Z

Z
p� (z)p� (x j z)dz : �U�j�X�k�V

�h�?�2 �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/ �+���M �#�2 �m�i�B�H�B�x�2�/ �i�Q �Q�T�i�B�K�B�x�2 �i�?�2 �T���`���K�2�i�2�`� �p�B�� �K���t�B�K�m�K
�H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�B�Q�M�X �J���`�;�B�M���H�B�x�B�M�; �Q�p�2�` �i�?�2 �T�`�B�Q�`p� (z) �B�b �Q�7�i�2�M �B�K�T�Q�b�b�B�#�H�2�X �L�Q�M�2�i�?�2�@
�H�2�b�b�- �r�2 �`�2�+�Q�;�M�B�x�2 �B�M �1�[�m���i�B�Q�M�j�X�k�� �J�Q�M�i�2 �*���`�H�Q �Q�#�D�2�+�i�B�p�2�- �7�Q�` �r�?�B�+�? �b�Q�H�m�i�B�Q�M�b �7�Q�`
���T�T�`�Q�t�B�K���i�2 �B�M�i�2�;�`���i�B�Q�M �B�M �*�?���T�i�2�`�k�X

���T�T�`�Q�t�B�K���i�2 �A�M�7�2�`�2�M�+�2�A�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �U�a�2�+�i�B�Q�M�R�V �+���M �#�2 ���T�T�H�B�2�/ �i�Q �2�b�i�B�@
�K���i�2 �i�?�2 �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/�j�X�k�m�b�B�M�; �b���K�T�H�2 �7�`�Q�K �� �T�`�Q�T�Q�b���H �/�B�b�i�`�B�#�m�i�B�Q�Mq(z)�X �h�?�2
�/�B�b�i�`�B�#�m�i�B�Q�M �K�B�M�B�K�B�x�B�M�; �i�?�2 �p���`�B���M�+�2 �Q�7 ���M �B�K�T�Q�`�i���M�+�2 �b���K�T�H�2�` �B�b �U�1�[�m���i�B�Q�M�k�X�e�V�,

q?(z) :=
p� (x j z)p� (z)R

Z p� (x j z)p� (z)dz
= p� (z j x ) : �U�j�X�j�V

�h�?�B�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2�T�Q�b�i�2�`�B�Q�`�/�B�b�i�`�B�#�m�i�B�Q�Mp� (z j x )�- �r�?�B�+�? �+�Q�M�M�2�+�i�b �i�?�2 �;�2�M�2�`���i�B�p�2
�K�Q�/�2�H ���M�/ �i�?�2 �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/ �p�B���"���v�2�b�ö �`�m�H�2�Up� (x j z)p� (z) = p� (z j x )p� (x )�V�X
�L�Q�M�2�i�?�2�H�2�b�b�- �i�?�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �/�2�T�2�M�/�b �Q�M �i�?�2 �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/ ���M�/ �i�?�m�b
�B�b �B�i�b�2�H�7 �B�M�i�`���+�i���#�H�2�X �o���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 �+�Q�M�b�B�b�i�b �Q�7 ���m�;�K�2�M�i�B�M�; �i�?�2 �T�`�Q�#�H�2�K �r�B�i�?
���M ���/�/�B�i�B�Q�M���H �T���`���K�2�i�2�`� �- �/�m�#�#�2�/�p���`�B���i�B�Q�M���H �T��� �̀��K�2�i�2�`�- �r�?�B�+�? �T���`���K�2�i�2�`�B�x�2�b ���M
���T�T� �̀Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�`q� (z j x )�X �A�M �i�?�B�b �i�?�2�b�B�b�- �i�?�2 ���T�T�`�Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�` �B�b �B�K�T�H�2�@
�K�2�M�i�2�/ �m�b�B�M�; �/�2�2�T �M�2�m�`���H �M�2�i�r�Q�`�F�b ���M�/ �B�b �i�?�2�`�2�7�Q�`�2 �`�2�7�2�`�`�2�/ �i�Q ���b�B�M�7�2� �̀2�M�+�2 �M�2�i�r�Q�`�F�X

�A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�b�- �r�2 �/�2�i���B�H �K�m�H�i�B�T�H�2�p���`�B���i�B�Q�M���H�Q�#�D�2�+�i�B�p�2�b �i�?���i �+���M �#�2
�m�i�B�H�B�x�2�/ �i�Q �H�2���`�M �i�?�2 �B�M�7�2�`�2�M�+�2 �M�2�i�r�Q�`�F �D�Q�B�M�i�H�v �r�B�i�? �i�?�2 �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H�X �A�M �i�?�2
�`�2�K���B�M�B�M�; �*�?���T�i�2�`�b�- �r�2 �r�B�H�H �b�i�m�/�v �i�?�2�b�2 �Q�#�D�2�+�i�B�p�2�b ���M�/ ���T�T�H�v �i�?�2�K �i�Q �H�2���`�M �/�2�2�T
�H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b�X

���H�i�2�`�M���i�B�p�2 ���T�T�`�Q���+�?�2�b�- �M�Q�i �b�i�m�/�B�2�/ �B�M �i�?�B�b �i�?�2�b�B�b�- �2�t�B�b�i ���M�/ ���`�2 �p�B���#�H�2 ���H�i�2�`�M���@
�i�B�p�2�b�X �h�?�2�v �B�M�+�H�m�/�2�, �J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �T�Q�b�i�2�`�B�Q�` �b�m�+�? ���b �i�?�2�1�t�T�2�+�i���i�B�Q�M�@
�J���t�B�K�B�x���i�B�Q�M�U�1�J�V ���H�;�Q�`�B�i�?�K �U�.�2�K�T�b�i�2�`�- �G���B�`�/�- ���M�/ �_�m�#�B�M �R�N�d�d�V�- �/�2�b�B�;�M�B�M�; �i�?�2
�;�2�M�2�`���i�B�p�2 �K�Q�/�2�H �m�b�B�M�; �B�M�p�2�`�i�B�#�H�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�b �U�~�Q�r�b�-�.�B�M�?�- �a�Q�?�H�@�.�B�+�F�b�i�2�B�M�- ���M�/
�"�2�M�;�B�Q �k�y�R�d�V �Q�` �+�Q�M�b�i�`���B�M�B�M�; �i�?�2 ���T�T�`�Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�` �i�Q �� �b�B�K�T�H�2 ���M�/ �}�t�2�/ �/�B�b�i�`�B�@
�#�m�i�B�Q�M �U�/�B�z�m�b�B�Q�M �K�Q�/�2�H�b�-�>�Q�- �C���B�M�- ���M�/ ���#�#�2�2�H �k�y�k�y�V�X

�� �&�W�J�E�F�O�D�F �-�P�X�F�S �#�P�V�O�E

�A�M �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2�- �r�2 �b�2�2�F ���M �Q�#�D�2�+�i�B�p�2 �i�?���i ���H�H�Q�r�b �7�Q�` �K���t�B�K�B�x�B�M�; �i�?�2 �K���`�;�B�M���H
�H�B�F�2�H�B�?�Q�Q�/�j�X�k���M�/ ���H�B�;�M�B�M�; �i�?�2 ���T�T�`�Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�`q� (z j x ) �r�B�i�? �i�?�2 �i�`�m�2 �T�Q�b�i�2�`�B�Q�`
p� (z j x )�X �q�2 �#�2�;�B�M �#�v �B�M�i�`�Q�/�m�+�B�M�; �� �b�i���i�B�b�i�B�+���H �/�B�b�i���M�+�2 �i�Q �K�2���b�m�`�2 �i�?�2 �/�B�p�2�`�;�2�M�+�2
�#�2�i�r�2�2�M �i�r�Q �/�B�b�i�`�B�#�m�i�B�Q�M�b�X



�� �&�W�J�E�F�O�D�F �-�P�X�F�S �#�P�V�O�E ����

�a�?���M�M�Q�M �2�M�i�`�Q�T�v�h�?�2 �2�M�i�`�Q�T�v�- �/�2�M�Q�i�2�/H �- �r���b �B�M�i�`�Q�/�m�+�2�/ �#�v�a�?���M�M�Q�M �U�R�N�9�3�V
�i�Q �[�m���M�i�B�7�v �i�?�2 �T�`�2�/�B�+�i���#�B�H�B�i�v �B�M�7�Q�`�K���i�B�Q�M �Q�7 �� �`���M�/�Q�K �T�`�Q�+�2�b�b�c �B�M �Q�i�?�2�` �r�Q�`�/�b�- �B�i�b
�B�M�7�Q�`�K���i�B�Q�M �+�Q�M�i�2�M�i�X �h�?�2 �a�?���M�M�Q�M �2�M�i�`�Q�T�v �Q�7 �� �p���`�B���#�H�2x �r�B�i�? �/�B�b�i�`�B�#�m�i�B�Q�Mp(x) �B�b ��
�M�Q�M�@�M�2�;���i�B�p�2 �p���H�m�2 �/�2�}�M�2�/ ���b

H(p) := �
X

x 2X

p(x) log p(x) : �U�j�X�9�V

�h�?�2 �E�m�H�H�#���+�F�@�G�2�B�#�H�2�` �U�E�G�V �/�B�p�2�`�;�2�M�+�2�- �Q�` �`�2�H���i�B�p�2 �2�M�i�`�Q�T�v �U�E�m�H�H�#���+�F ���M�/ �G�2�B�#�H�2�`
�R�N�8�R�V�- �K�2���b�m�`�2�b �i�?�2 �/�B�z�2�`�2�M�+�2 �B�M �B�M�7�Q�`�K���i�B�Q�M �+�Q�M�i�2�M�i �#�2�i�r�2�2�M �i�r�Q �/�B�b�i�`�B�#�m�i�B�Q�M�b�X �6�Q�`
�i�r�Q �/�B�b�i�`�B�#�m�i�B�Q�Mp(x) ���M�/q(x) �#�Q�i�? �/�2�}�M�2�/ �Q�MX �b�m�+�? �i�?���ip(x) = 0 �r�?�2�`�2q(x) = 0 �-
�i�?�2 �`�2�H���i�B�p�2 �2�M�i�`�Q�T�v �7�`�Q�Kp �i�Qq �/�2�}�M�2�/ ���b

DKL (qk p) = �
X

x 2X

q(x) log
p(x)
q(x)

: �U�j�X�8�V

�h�?�2 �E�G �/�B�p�2�`�;�2�M�+�2 �/�2�}�M�2�b �� �p���H�B�/�b�i���i�B�b�i�B�+���H �/�B�p�2� �̀;�2�M�+�2�, �B�i �B�b �U�B�V �M�Q�M�@�M�2�;���i�B�p�2�,
DKL (qkp) � 0�- �U�B�B�V ���/�/�B�i�B�p�2�, �7�Q�` �i�r�Q �/�B�b�i�`�B�#�m�i�B�Q�M�bq(x) = q1(x)q2(x) ���M�/p(x) =
p1(x)p2(x)�-DKL (qkp) = DKL (q1kp1) + DKL (q2kp2)�- ���M�/ �U�B�B�B�V �B�b �2�[�m���H �i�Q �x�2�`�Q �B�7 ���M�/
�Q�M�H�v �B�7p = q�X

�o���`�B���i�B�Q�M���H �Q�#�D�2�+�i�B�p�2�h�?�2 �Q�T�i�B�K���H �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�Mq� (z j x ) �+���M �#�2 �+�?�Q�b�2�M
���b �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �i�?�2 �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�` �i�?���i �K�B�M�B�K�B�x�2�b �i�?�2 �E�G �/�B�p�2�`�;�2�M�+�2�,

DKL (q� (z j z) jj p� (z j x )) :=
Z

Z
q� (z j x ) (log q� (z j x ) � logp� (z j x )) dz �U�j�X�e���V

= log p� (x ) � Eq� (zjx )

�
log

p� (x ; z)
q� (z j x )

�
: �U�j�X�e�#�V

�_�2�K�Q�p�B�M�; �i�?�2 �M�Q�M�@�M�2�;���i�B�p�2 �/�B�p�2�`�;�2�M�+�2 �7�`�Q�K �1�[�m���i�B�Q�M�j�X�e�v�B�2�H�/�b �� �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/ �H�Q�r�2�`
�#�Q�m�M�/�X �h�?�B�b �B�b �i�?�2�2�p�B�/�2�M�+�2 �H�Q�r�2�` �#�Q�m�M�/�U�1�G�"�P�V�- �/�2�M�Q�i�2�/L ���M�/ �/�2�}�M�2�/ ���b�,

L (x) := Eq� (zjx )

�
log

p� (x ; z)
q� (z j x )

�
� logp� (x ) : �U�j�X�d�V

�h�?�2 �1�G�"�P �b���i�B�b�}�2�b �#�Q�i�? �Q�7 �i�?�2 �H�2���`�M�B�M�; �`�2�[�m�B�`�2�K�2�M�i�b�, �B�i ���H�H�Q�r�b �K���t�B�K�B�x�B�M�;
�i�?�2 �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/ �U�H�Q�r�2�` �#�Q�m�M�/�V ���M�/ ���H�H�Q�r�b �K�B�M�B�K�B�x�B�M�; �� �/�B�p�2�`�;�2�M�+�2 �#�2�@
�i�r�2�2�M �i�?�2 �i�`�m�2 �T�Q�b�i�2�`�B�Q�` ���M�/ �i�?�2 ���T�T�`�Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�` �Q�#�b�2�`�p�B�M�; �i�?���ir � L (x) =
�r � DKL (q� (z j z) jj p� (z j x )) �X �6�m�`�i�?�2�`�K�Q�`�2�- �B�i �+���M �#�2 �/�2�+�Q�K�T�Q�b�2�/ �B�M�i�Q �i�r�Q �i�2�`�K�b�-
�r�?�B�+�? ���`�2 �B�M�b�B�;�?�i�7�m�H �7�`�Q�K ���M ���m�i�Q�@�2�M�+�Q�/�B�M�; �T�2�`�b�T�2�+�i�B�p�2�,

L (x) = Eq� (zjx ) [logp� (x j z)]
| {z }

�U���Vreconstruction

� D KL (q� (z j x ) k p� (z))
| {z }

�U�"�Vregularization

: �U�j�X�3�V



���� �� �7�B�S�J�B�U�J�P�O�B�M �*�O�G�F�S�F�O�D�F

�� �*�N�Q�P�S�U�B�O�D�F���8�F�J�H�I�U�F�E �#�P�V�O�E

���b �� �/�B�`�2�+�i �+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �1�[�m���i�B�Q�M�j�X�e�- �i�?�2 �1�G�"�P ���H�B�;�M�b �r�B�i�? �i�?�2 �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/
�B�7 ���M�/ �Q�M�H�v �B�7q� (zjx ) = p� (zjx ) ���M�/ �i�?�B�b �/�B�z�2�`�2�M�+�2 �2�[�m���H�b �i�?�2 �p���H�m�2 �Q�7 �i�?�2 �/�B�p�2�`�;�2�M�+�2
DKL (q� (zjz) jj p� (zjx )) �X �A�M �b�Q�K�2 �+���b�2�b�- �i�?�B�b �/�B�p�2�`�;�2�M�+�2 �K�B�;�?�i �#�2 �H���`�;�2 ���M�/ �H�2���`�M�B�M�; �#�v
�K���t�B�K�B�x�B�M�; �i�?�2 �p���`�B���i�B�Q�M���H �#�Q�m�M�/ �K�B�;�?�i �#�2 �B�M�2�z�2�+�i�B�p�2 �U�a�2�2�*�`�2�K�2�`�- �G�B�- ���M�/ �.�m�p�2�M���m�/
�k�y�R�3�7�Q�` �� �b�i�m�/�v �Q�M �i�?�B�b �i�Q�T�B�+�V�X

�A�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�;�A�M �a�2�+�i�B�Q�M�R�- �r�2 �/�B�b�+�m�b�b�2�/ �i�?���i �B�K�T�Q�`�i���M�+�2 �b���K�T�H�B�M�; �T�`�Q�@
�p�B�/�2�b �m�M�#�B���b�2�/ �2�b�i�B�K���i�2�b�- �m�b�B�M�;q� (z j x ) ���b �T�`�Q�T�Q�b���H �/�B�b�i�`�B�#�m�i�B�Q�M�- �i�?�2 �H�Q�; �K���`�;�B�M���H
�H�B�F�2�H�B�?�Q�Q�/ �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b ���M �2�t�T�2�+�i���i�B�Q�M �Q�p�2�`q� (z j x )�,

logp� (x ) = log Eq� (zjx )

�
p� (x ; z)
q� (z j x )

�
: �U�j�X�N�V

�"�2�+���m�b�2 �Q�7 �i�?�2log �7�m�M�+�i�B�Q�M�- ��K �@�b���K�T�H�2 �J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�2 �Q�7 �1�[�m���i�B�Q�M�j�X�N�B�b
�;�2�M�2�`���H�H�v �#�B���b�2�/ �U�C�2�M�b�2�M�ö�b �B�M�2�[�m���H�B�i�v�V�- �M�Q�M�2�i�?�2�H�2�b�b�- �B�i �+�Q�M�p�2�`�;�2�b �i�Q �i�?�2 �H�Q�; �K���`�;�B�M���H
�H�B�F�2�H�B�?�Q�Q�/ �B�M �i�?�2 �H�B�K�B�iK ! 1 �- �B�M �+�Q�M�i�`���b�i �r�B�i�? �i�?�2 �1�G�"�P�X

�6�B�;�m�`�2 �j�X�R�,�"�2�v�Q�M�/ �i�?�2 �1�G�"�P�,
�i�B�;�?�i�2�` �2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �K���`�;�B�M���H
�H�B�F�2�H�B�?�Q�Q�/ �m�b�B�M�;K > 1 �J�Q�M�i�2
�*���`�H�Q �b���K�T�H�2�b �m�b�B�M�; �i�?�2 �B�K�T�Q�`�@
�i���M�+�2 �r�2�B�;�?�i�2�/ �#�Q�m�M�/L K (x )�X

�h�B�;�?�i�2�` �p���`�B���i�B�Q�M���H �#�Q�m�M�/�� K �@�b���K�T�H�2
�J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�2 �Q�7 �1�[�m���i�B�Q�M�j�X�N�/�2�}�M�2�b �i�?�2
�B�K�T�Q�`�i���M�+�2�@�r�2�B�;�?�i�2�/ �#�Q�m�M�/�U�"�m�`�/���- �:�`�Q�b�b�2�- ���M�/
�a���H���F�?�m�i�/�B�M�Q�p �k�y�R�e�V�,

L K (x ) := Eq� (z1: K j x )

"

log
1
K

KX

i =1

w�;� (x ; zi )

#

�U�j�X�R�y�V

�r�?�2�`�2z1:K := f z1; : : : ; zK g �B�b �� �b�2�i �Q�7 �J�Q�M�i�2
�*���`�H�Q �b���K�T�H�2�b �/�`���r�M �7�`�Q�Kq� (z j x ) ���M�/ �r�B�i�? �B�K�@
�T�Q�`�i���M�+�2 �r�2�B�;�?�iw�;� (x ; z) := p� (x ; z)=q� (z; x)�X
�h�?�2 �B�K�T�Q�`�i���M�+�2�@�r�2�B�;�?�i�2�/ �#�Q�m�M�/ �M�Q�M�@�/�2�+�`�2���b�B�M�;
�r�B�i�?K ���M�/ �`�2�K���B�M�b �� �H�Q�r�2�` �#�Q�m�M�/ �Q�7 �i�?�2
�K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/ �7�Q�` ���H�H �p���H�m�2�bK � 1�,

L (x) � L K (x ) � L K +1 (x ) � logp� (x ) : �U�j�X�R�R�V

�h�?�2�`�2�7�Q�`�2�- �m�b�B�M�; �B�K�T�Q�`�i���M�+�2�@�r�2�B�;�?�i�2�/ �#�Q�m�M�/
�;�m���`���M�i�2�2�b �2�b�i�B�K���i�B�M�; �i�?�2 �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/
�K�Q�`�2 �i�B�;�?�i�H�v ���bK ! 1 �- ���M�/ �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2
�1�G�"�P �B�MK = 1 �U�b�2�2 �6�B�;�m�`�2�j�X�R�V�X



�� �7�B�S�J�B�U�J�P�O�B�M �3�Æ�O�Z�J �#�P�V�O�E ����

�� �7�B�S�J�B�U�J�P�O�B�M �3�Æ�O�Z�J �#�P�V�O�E

�_�û�M�v�B �2�M�i�`�Q�T�v�A�M �a�2�+�i�B�Q�M�k�- �r�2 �B�M�i�`�Q�/�m�+�2�/
�a�?���M�M�Q�M �2�M�i�`�Q�T�v ���b �� �K�2���b�m�`�2 �Q�7 �i�?�2 �B�M�7�Q�`�K���@
�i�B�Q�M �+�Q�M�i�2�M�i �B�M�?�2�`�2�M�i �i�Q �� �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�X
�_�û�M�v�B �U�R�N�e�R�V�;�2�M�2�`���H�B�x�2�/ �i�?�2 �M�Q�i�B�Q�M �Q�7 �2�M�i�`�Q�T�v �i�Q ��
�r�B�/�2�` �+�H���b�b �Q�7 �K�2���b�m�`�2�b�X �:�B�p�2�M �� �T���`���K�2�i�2�`� � 0�-
�i�?�2 �_�û�M�v�B �2�M�i�`�Q�T�v �B�b �/�2�}�M�2�/ ���b

H � (p) :=
1

1 � �

X

x 2X

p� (x) �U�j�X�R�k�V

�7�Q�`� 6= 1 ���M�/ �B�i�b �/�2�}�M�B�i�B�Q�M �B�b �2�t�i�2�M�/�2�/ �B�M� = 1 �#�v
�+�Q�M�i�B�M�m�B�i�v ���b �i�?�2 �a�?���M�M�Q�M �2�M�i�`�Q�T�v�,

H � =1 (p) := lim
� ! 1

H � (p) = H(p) : �U�j�X�R�j�V

�h�?�2 �_�û�M�v�B �2�M�i�`�Q�T�v �B�b �� �K�2���b�m�`�2 �Q�7 �B�M�7�Q�`�K���i�B�Q�M �7�Q�`
� > 0 �#�m�i �B�b �+�Q�M�b�i���M�i �7�Q�`� = 0 �X �A�M �}�;�m�`�2�j�X�k�-
�r�2 �B�H�H�m�b�i�`���i�2 �i�?�2 �_�û�M�v�B �2�M�i�`�Q�T�v �7�Q�`� � 0 �#���b�2�/ �Q�M
�"�2�`�M�Q�m�H�H�B �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �T���`���K�2�i�2�`� 2 [0; 1]�X

�6�B�;�m�`�2 �j�X�k�,�_�û�M�v�B �2�M�i�`�Q�T�vH �

�K�2���b�m�`�2�/ �7�Q�` �� �"�2�`�M�Q�m�H�H�B �/�B�b�i�`�B�@
�#�m�i�B�Q�M �r�B�i�? �T���`���K�2�i�2�`� 2 [0; 1]�X
H � =1 �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �a�?���M�@
�M�Q�M �2�M�i�`�Q�T�v�X �.�B�z�2�`�2�M�i �p���H�m�2�b �Q�7
� �H�2���/ �i�Q �/�B�z�2�`�2�M�i �m�M�+�2�`�i���B�M�i�v
�[�m���M�i�B�}�+���i�B�Q�M �T�`�Q�}�H�2�b�X

�6�B�;�m�`�2 �j�X�j�,�6�B�i�i�B�M�; �� �K�m�H�i�B�@�K�Q�/���H �/�B�b�i�`�B�#�m�i�B�Q�Mp(z) �U�B�M�`�2�/�V �r�B�i�? �� �:���m�b�b�B���M �K�Q�/�2�Hq� (z)
�#�v �K�B�M�B�K�B�x�B�M�; �i�?�2 �_�û�M�v�B �/�B�p�2�`�;�2�M�+�2D � (q� kp) �7�Q�` �p���H�m�2�b �Q�7� �= �y �U�#�H�m�2�, � �I �R ���M�/�;�`�2�2�M�,
� �=�R�V�X �l�b�B�M�;� ! �y �H�2���/�b �i�Q ���K�2���M �b�2�2�F�B�M�;�#�2�?���p�B�Q�m�`�-� � �R �H�2���/�b �i�Q�b�2�2�F�B�M�; �i�?�2 �K�Q�/�2�X

�_�û�M�v�B �/�B�p�2�`�;�2�M�+�2�a�B�K�B�H���`�H�v �i�Q �a�?���M�M�Q�M �2�M�i�`�Q�T�v �U�1�[�m���i�B�Q�M�j�X�9�V�- �i�?�2 �_�û�M�v�B �2�M�i�`�Q�T�v
�+���M �#�2 ���T�T�H�B�2�/ �i�Q �/�2�}�M�2�/ �� �b�i���i�B�b�i�B�+���H �/�B�p�2�`�;�2�M�+�2�- �i�?�2�_�û�M�v�B �/�B�p�2� �̀;�2�M�+�2�- �/�2�}�M�2�/ ���b

D� (qk p) :=
1

� � 1
log

Z

X
q(x)

�
p(x)
q(x)

� 1� �

dx �U�j�X�R�9�V

�7�Q�`� 6= 1 ���M�/ �2�t�i�2�M�/�2�/ �#�v �+�Q�M�i�B�M�m�B�i�v �B�M� = 1 �r�?�2�`�2 �B�i �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �E�G
�/�B�p�2�`�;�2�M�+�2 �U�1�[�m���i�B�Q�M�j�X�8�V�X �h�?�2 �_�û�M�v�B �/�B�p�2�`�;�2�M�+�2 �B�b �� �b�i���i�B�b�i�B�+���H �/�B�p�2�`�;�2�M�+�2 �7�Q�`� > 0
���M�/ �r�?�2�`�2�p�2�`jD � (qkp) j < 1 �X ���b �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2�j�X�j�- �K�B�M�B�K�B�x�B�M�; �i�?�2 �_�û�M�v�B
�/�B�p�2�`�;�2�M�+�2 �#�2�i�r�2�2�M �i�r�Q �/�B�b�i�`�B�#�m�i�B�Q�M�b �H�2���/�b �i�Q �/�B�z�2�`�2�M�i �b�Q�H�m�i�B�Q�M�b �/�2�T�2�M�/�B�M�; �Q�M �i�?�2



���� �� �7�B�S�J�B�U�J�P�O�B�M �*�O�G�F�S�F�O�D�F

�+�?�Q�B�+�2 �Q�7� �X �6�Q�`� � 1�- �K�B�M�B�K�B�x�B�M�; �i�?�2 �_�û�M�v�B �/�B�p�2�`�;�2�M�+�2 �H�2���/�b �i�Q �K���i�+�?�B�M�; �Q�M�H�v �i�?�2
�K�Q�/�2 �Q�7 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M�X �6�Q�`� ! 0�- �B�i �H�2���/�b �i�Q �+�Q�p�2�`�B�M�; �i�?�2 �r�?�Q�H�2 �i���`�;�2�i �/�B�b�i�`�B�#�m�i�B�Q�M�X

�_�û�M�v�B �p���`�B���i�B�Q�M���H �#�Q�m�M�/�h�?�2 �2�p�B�/�2�M�+�2 �H�Q�r�2�` �#�Q�m�M�/ ���`�B�b�2�b �7�`�Q�K ���i�i�2�K�T�i�B�M�; �i�Q
�K�B�M�B�K�B�x�2 �i�?�2 �E�G �/�B�p�2�`�;�2�M�+�2 �7�`�Q�K �i�?�2 �i�`�m�2 �T�Q�b�i�2�`�B�Q�` �i�Q �i�?�2 ���T�T�`�Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�`
�U�a�2�+�i�B�Q�M�k�V�X ���M�Q�i�?�2�` �p���`�B���i�B�Q�M���H �#�Q�m�M�/ �+���M �#�2 �Q�#�i���B�M�2�/ �m�b�B�M�; �i�?�2 �_�û�M�v�B �/�B�p�2�`�;�2�M�+�2
D� (q� (z j x )kp� (z j x )) �B�M�b�i�2���/ �Q�7 �i�?�2 �E�G �/�B�p�2�`�;�2�M�+�2�X �h�?�2 �`�2�b�m�H�i�B�M�;�_�û�M�v�B �p���`�B���i�B�Q�M���H
�#�Q�m�M�/�U�_�o�"�V �B�b �/�2�}�M�2�/ ���b �U�G�B ���M�/ �h�m�`�M�2�` �k�y�R�e�V�,

L � (x ) :=
1

1 � �
logEq� (zjx )

h
w1� �

�;� (x ; z)
i

: �U�j�X�R�8�V

�7�Q�`� 6= 1 ���M�/ �/�2�}�M�2�/ �B�M� = 1 �#�v �+�Q�M�i�B�M�m�B�i�v ���bL � =1 (x ) := lim � ! 1 L � (x ) = L (x)�-
�r�?�2�`�2L (x) �B�b �i�?�2 �b�i���M�/���`�/ �2�p�B�/�2�M�+�2 �H�Q�r�2�` �#�Q�m�M�/ �U�1�[�m���i�B�Q�M�j�X�d�V�X �h�?�2 �_�o�" �B�b ��
�+�Q�M�i�B�M�m�Q�m�b ���M�/ �M�Q�M�@�/�2�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M �Q�7� ���M�/ �+�Q�B�M�+�B�/�2�b �r�B�i�? �i�?�2 �K���`�;�B�M���H �H�Q�;�@
�H�B�F�2�H�B�?�Q�Q�/ �B�M� = 0 �X �a�m�K�K���`�B�x�B�M�; �i�?�2 ���#�Q�p�2 �B�M�7�Q�`�K���i�B�Q�M�- �i�?�2 �_�o�" �+�Q�M�M�2�+�i�b �i�?�2
�1�G�"�P ���M�/ �i�?�2 �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/ �i�?�`�Q�m�;�? �i�?�2 �7�Q�m�` �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b�,

L � =1 (x ) = L (x) L � =0 (x ) = log p� (x ) �U�j�X�R�e���V

L � � 0(x ) � logp� (x ) L � � 0(x ) � logp� (x ) : �U�j�X�R�e�#�V

�A�K�T�Q�`�i���M�+�2 �r�2�B�;�?�i�2�/ �_�û�M�v�B �#�Q�m�M�/�A�M �;�2�M�2�`���H�- �i�?�2 �_�o�" �?���b �M�Q �+�H�Q�b�2�/�@�7�Q�`�K
�b�Q�H�m�i�B�Q�M�X ��K �@�b���K�T�H�2 �2�b�i�B�K���i�2 �Q�7 �i�?�2 �_�o�" �v�B�2�H�/�b ���M�Q�i�?�2�` �#�Q�m�M�/�- �i�?�2�B�K�T�Q�`�i���M�+�2�@
�r�2�B�;�?�i�2�/ �_�û�M�v�B �#�Q�m�M�/�U�A�q�_�"�V�- �r�?�B�+�? �B�b �/�2�}�M�2�/ �7�Q�`� 6= 1 ���b�,

L K
� (x ) :=

1
1 � �

Eq� (z1: K j x )

"

log
1
K

KX

i =1

w1� �
�;� (x ; zi )

#

�U�j�X�R�d�V

�6�B�;�m�`�2 �j�X�9�,�h�?�2 �B�K�T�Q�`�i���M�+�2 �r�2�B�;�?�i�2�/
�_�û�M�v�B �#�Q�m�M�/ �U�A�q�_�"�V ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2
�T���`���K�2�i�2�`�b� 2 [0; 1] ���M�/K � 1�X

�h�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2 �A�q�_ �#�Q�m�M�/ �B�b �2�t�@
�i�2�M�/�2�/ �B�M� = 1 �#�v �+�Q�M�i�B�M�m�B�i�v �r�B�i�? �i�?�2
�A�q �#�Q�m�M�/ �U�1�[�m���i�B�Q�M�j�X�R�y�V�X �h�?�2 �#�Q�m�M�/
�b���i�B�b�}�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�2�`�i�B�2�b�,

�Ç L (x) = L K =1
� �-

�Ç lim K !1 L K
� (x ) = L � (x )�-

�Ç �M�Q�M�@�/�2�+�`�2���b�B�M�; �B�MK �7�Q�` �}�t�2�/� � 1�-
�Ç �M�Q�M�@�B�M�+�`�2���b�B�M�; �B�MK �7�Q�` �}�t�2�/� � 1�-
�Ç �+�Q�M�i�B�M�m�Q�m�b ���M�/ �M�Q�M�@�B�M�+�`�2���b�B�M�; �B�M�

�h�?�2 �A�q�_�" �B�b �� �m�b�2�7�m�H �i�Q�Q�H �i�Q �M���p�B�;���i�2 �#�2�@
�i�r�2�2�M �i�?�2 �1�G�"�P ���M�/ �i�?�2 �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/ �#�v
�+�Q�M�i�`�Q�H�H�B�M�; �i�?�2 �p���H�m�2 �Q�7K ���M�/� 2 [0; 1]�-
�r�2 �B�H�H�m�b�i�`���i�2 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �k�. �b�m�`�7���+�2
�B�M �6�B�;�m�`�2�j�X�9�V�X



�� �(�S�B�E�J�F�O�U �&�T�U�J�N�B�U�J�P�O ����

�� �(�S�B�E�J�F�O�U �&�T�U�J�N�B�U�J�P�O

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �/�2�`�B�p�2 �i�?�2 �;�`���/�B�2�M�i�b �Q�7 �i�?�2 �A�q�_�" �r�B�i�? �`�2�b�T�2�+�i �i�Q �2���+�? �T���`���K�2�i�2�`
�U� ���M�/� �V ���M�/ �T�`�2�b�2�M�i �+�Q�`�`�2�b�T�Q�M�/�B�M�; �J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�Q�`�b�X �h�?�2 �A�q�_�" �B�M�+�H�m�/�2�b
�i�?�2 �A�q�" ���b �� �b�T�2�+�B���H �+���b�2 �U� = 0 �V�- �#�m�i �i�?�2 �;�`���/�B�2�M�i�b �Q�7 �i�?�2 �1�G�"�P �M�2�2�/ �i�Q �#�2 �/�2�`�B�p�2�/
�b�2�T���`���i�2�H�v�- ���b �i�?�2 �A�q�_�" �B�b �2�t�i�2�M�/�2�/ �B�M� = 1 �#�v �+�Q�M�i�B�M�m�B�i�v�X

������ �*�8�3�#�� �Q�B�S�B�N�F�U�F�S�
�h�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �A�q�_�" �r�B�i�? �`�2�b�T�2�+�i �i�Q� �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b�,

r � L K
� (x ) =

1
1 � �

r � Eq� (z1: K j x )

"

log
1
K

KX

i =1

w1� �
�;� (x ; zi )

#

�U�j�X�R�3���V

=
1

1 � �
Eq� (z1: K j x )

"

r � log
1
K

KX

i =1

w1� �
�;� (x ; zi )

#

�U�j�X�R�3�#�V

=
1

1 � �
Eq� (z1: K j x )

"
r �

P K
i =1 w1� �

�;� (x ; zi )
P K

i =1 w1� �
�;� (x ; zi )

#

�U�j�X�R�3�+�V

= Eq� (z1: K j x )

"
KX

i =1

ŵ1� �
�;� (x ; zi )r � logp� (x ; zi )

#

�U�j�X�R�3�/�V

�r�?�2�`�2 �B�M �i�?�2 �H���b�i �H�B�M�2 �r�2 �m�b�2�/ �i�?�2 �b�+�Q�`�2 �7�m�M�+�i�B�Q�M �B�/�2�M�i�B�i�vr logp� (x ; z) = r � p� (x ;z)
p� (x ;z)

���M�/ �+�Q�M�+�H�m�/�2�/ �m�b�B�M�; �i�?�2 �2�t�T�`�2�b�b�B�Q�M �Q�7 �i�?�2 �b�2�H�7�@�M�Q�`�K���H�B�x�B�M�; �r�2�B�;�?�i�b �/�2�}�M�2�/ ���b�,

ŵ1� �
�;� (x ; z) :=

w1� �
�;� (x ; z)

P K
i 0=1 w1� �

�;� (x ; zi 0)
: �U�j�X�R�N�V

�h�?�2 �;�`���/�B�2�M�ir � L K
� (x ) �B�b ���M �2�t�T�2�+�i�2�/ �p���H�m�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 ���T�T�`�Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�`�X

�q�2 �+���M �#�2 ���T�T�`�Q�t�B�K���i�2�/ �m�b�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�;K �@�b���K�T�H�2 �J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�Q�`

�� �;N :=
KX

i =1

ŵ1� �
�;� (x ; zi )r � logp� (x ; zi ); z1:K � q� (z1:K jx ) : �U�j�X�k�y�V

������ �*�8�3�#�� �Q�B�S�B�N�F�U�F�S�
�S���i�?�r�B�b�2 �2�b�i�B�K���i�Q�`�A�M �i�?�2 �+���b�2 �Q�7 �� �`�2�T���`���K�2�i�2�`�B�x���#�H�2 �/�B�b�i�`�B�#�m�i�B�Q�Mq� (zjx )�- �7�Q�`
�B�M�b�i���M�+�2 �� �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �/�B���;�Q�M���H �+�Q�p���`�B���M�+�2 �K���i�`�B�t ���M�/ �H�Q�+���i�B�Q�M �T���@
�`���K�2�i�2�`�b �+�Q�M�/�B�i�B�Q�M�2�/ �Q�Mx�- �i�?�2�`�2 �B�b �� �#���b�2 �/�B�b�i�`�B�#�m�i�B�Q�Mp(� ) ���M�/ �� �7�m�M�+�i�B�Q�Mg� �b�m�+�?
�i�?���i �i�?�2 �T�`�Q�+�2�b�bz � q� (zjx ) ���M�/� � p(� ); z = g� (z) ���`�2 �2�[�m�B�p���H�2�M�i�X �h�?�2�`�2�7�Q�`�2�- �i�?�2
�T���i�?�r�B�b�2 �2�b�i�B�K���i�Q�` �U�a�2�+�i�B�Q�M�k�V �+���M �#�2 ���T�T�H�B�2�/ �i�Q �i�?�2 �;�`���/�B�2�M�i �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2



���� �� �7�B�S�J�B�U�J�P�O�B�M �*�O�G�F�S�F�O�D�F

�p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�X �h�?�2 �T���i�?�r�B�b�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �A�q�_�" �B�b�,

r � L K
� (x ) =

1
1 � �

r � Ep( � 1: K )

"

log
1
K

KX

i =1

w1� �
�;� (x ; g� (� i ))

#

�U�j�X�k�R���V

=
1

1 � �
Ep( � 1: K )

"

r � log
1
K

KX

i =1

w1� �
�;� (x ; g� (� i ))

#

�U�j�X�k�R�#�V

=
1

1 � �
Ep( � 1: K )

"
r �

P K
i =1 w1� �

�;� (x ; g� (� i ))
P K

i =1 w1� �
�;� (x ; g� (� i ))

#

�U�j�X�k�R�+�V

= � Ep( � 1: K )

"
KX

i =1

ŵ1� �
�;� (x ; zi )r � logq� (g� (� i ) j x )

#

; �U�j�X�k�R�/�V

�r�?�B�+�? �+���M �#�2 �2�b�i�B�K���i�2�/ �m�b�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�Q�`�,

�� pathwise
�;N := �

KX

i =1

ŵ1� �
�;� (x ; zi )r � logq� (g� (� i ) j x ); � 1:K � p(� 1:K ) : �U�j�X�k�k�V

�a�+�Q�`�2 �7�m�M�+�i�B�Q�M �2�b�i�B�K���i�Q�`�h�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �A�q�_�" �r�X�`�X�i�X �i�?�2 �T���`���K�2�i�2�`� �Q�7
�i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �U�b�2�2 �/�2�`�B�p���i�B�Q�M �B�M �i�?�2 �#�Q�t �#�2�H�Q�r�V�,

r � L K
� (x ) = Eq� (z1: K j x )

"
KX

i =1

�
log Ẑ � (x j z1:K ) � ŵ1� �

�;� (x ; zi )
�

r � logq� (zi j x )

#

�U�j�X�k�j�V

�r�?�2�`�2 �r�2 �B�M�i�`�Q�/�m�+�2�/ �� �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�2�- �m�M�#�B���b�2�/ �7�Q�`� = 0 �- �/�2�}�M�2�/ ���b

Ẑ � (x j z1:K ) :=

 
1
K

KX

i =1

w1� �
�;� (x ; zi )

! 1=1 � �

: �U�j�X�k�9�V

�� K �@�b���K�T�H�2 �J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�2 �Q�7 �1�[�m���i�B�Q�M�j�X�k�j�v�B�2�H�/�b �� �b�+�Q�`�2 �7�m�M�+�i�B�Q�M �2�b�i�B�K���i�Q�`
�U�b�2�2 �a�2�+�i�B�Q�M�k�V�,

�� reinforce
�;K :=

KX

i =1

(d�;i (x ; z1:K ) � c� (x ; z� i )) r � logq� (zi j x ); z1:K � q� (z j x ) :

�U�j�X�k�8�V
�r�?�2�`�2

d�;i (x ; z1:K ) := log Ẑ � (x j z1:K ) � ŵ1� �
�;� (x ; zi ) �U�j�X�k�e�V

���M�/ �r�?�2�`�2c� (x ; z� i ) �B�b �� �#���b�2�H�B�M�2 �7�m�M�+�i�B�Q�M �/�2�}�M�B�M�; �� �+�Q�M�i�`�Q�H �p���`�B���i�2�,

� � (z1:K ) :=
KX

i =1

c� (x ; z� i )r � logq� (zi j x ); Eq� (z1: K j x ) [� � (z1:K )] = 0 : �U�j�X�k�d�V



�� �(�S�B�E�J�F�O�U �&�T�U�J�N�B�U�J�P�O ����

r � L K
� (x ) =

1
1 � �

r � Eq� ( z1: K j x )

"

log
1
K

KX

i =1

w1� �
�;� (x ; zi )

#

=

Z

z

1
1 � �

log
1
K

KX

i =1

w1� �
�;� (x ; zi )r � q� (z1:K j x )dz

+

Z

z

1
1 � �

q� (z1:K j x )r � log
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= Eq� ( z1: K j x )

"
KX

i =1

�
log Ẑ � (x j z1:K ) � ŵ1� �

�;� (x ; zi )
�

r � log q� (zi j x )

#

�U�l�b�B�M�; �i�?�2 �B�/�2�M�i�B�i�vr � w1� �
�;� (x ; zi ) = (1 � � )w1� �

�;� (x ; zi )r � log w�;� (x ; zi )�X�V

�+�Q�M�i�`�Q�H �p���`�B���i�2�b�*�Q�M�i�`�Q�H �p���`�B���i�2�b �+���M �#�2 �/�2�b�B�;�M�2�/ �B�M ���M�v �r���v ���b �H�Q�M�; ���b �i�?�2 �+�Q�M�i�`�Q�H
�p���`�B���i�2� � (z1:K ) �?���b �x�2�`�Q �2�t�T�2�+�i���i�B�Q�M �Q�` �� �T�Q�b�B�i�B�p�2 �2�z�2�+�i �Q�M �i�?�2 �H�2���`�M�B�M�; �/�v�M���K�B�+�b�X
�S�`�2�p�B�Q�m�b �`�2�b�2���`�+�? �7�Q�+�m�b�2�/ �Q�M �/�2�b�B�;�M�B�M�; �#���b�2�H�B�M�2 �7�m�M�+�i�B�Q�M�bc� (x ; z� i ) �i�?���i ���T�T�`�Q�t�B�K���i�2
�i�?�2 �T�`�2�7���+�i�Q�` �i�2�`�Kd�;i (x ; z1:K ) ���b ���+�+�m�`���i�2�H�v ���b �T�Q�b�b�B�#�H�2�X

�A�M �i�?�2 �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 �H�B�i�2�`���i�m�`�2�- �r�2 �}�M�/ �#���b�2�H�B�M�2�b �/�2�b�B�;�M�2�/ �m�b�B�M�; ���M ���m�t�B�H�B���`�v
�M�2�m�`���H �M�2�i�r�Q�`�F �U�L�o�A�G�-�J�M�B�? ���M�/ �:�`�2�;�Q�` �k�y�R�9���V�- �#���b�2�H�B�M�2�b �i�?���i �`�2�+�v�+�H�2 �i�?�2 �p���H�m�2�b �Q�7
w�;� (x ; z1); : : : ; w�;� (x ; zK ) �U�o�A�J�*�P�- �U�J�M�B�? ���M�/ �_�2�x�2�M�/�2 �k�y�R�e�V�V ���M�/ �+�Q�M�i�`�Q�H �p���`�B���i�2�b
�i�?���i �2�t�T�H�Q�B�i �i�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �T���i�?�r�B�b�2 �2�b�i�B�K���i�Q�` �U�_�1�"���_�-�h�m�+�F�2�` �2�i ���H�X �k�y�R�d�c
�_�1�G���s�-�:�`���i�?�r�Q�?�H �2�i ���H�X �k�y�R�3�V�X �A�M �*�?���T�i�2�`�d�U�S���T�2�`�" �V�- �r�2 �B�M�i�`�Q�/�m�+�2 �P�o�A�a�- �� �M�2�r
�2�b�i�B�K���i�Q�` �i�?���i �2�t�i�2�M�/�b �o�A�J�*�P �r�B�i�? �� �K�Q�`�2 �Q�T�i�B�K���H �#���b�2�H�B�M�2�X

������ �&�-�#�0

�h�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �1�G�"�P �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �T���`���K�2�i�2�`� �B�b�,

r � L (x) = Eq� (z1: K )
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r � logw�;� (x ; zi )

#

: �U�j�X�k�N�V



���� �� �7�B�S�J�B�U�J�P�O�B�M �*�O�G�F�S�F�O�D�F

�h�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �1�G�"�P �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �T���`���K�2�i�2�`� �B�b�,

r � L (x) = r � Eq� (zjx ) [logw�;� (x ; z)] �U�j�X�j�y���V

= Eq� (zjx ) [(log w�;� (x ; z) � 1) r � logq� (z j x )] �U�j�X�j�y�#�V

= Eq� (zjx ) [logw�;� (x ; z)r � logq� (z j x )] �U�j�X�j�y�+�V

= Eq� (z1: K j x )
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K

KX

i =1

logw�;� (x ; zi )r � logq� (zi j x )

#

: �U�j�X�j�y�/�V

�A�M �i�?�2 ���#�Q�p�2�- �r�2 �m�b�2 �i�?�2 �B�/�2�M�i�B�i�vEq� (zjx ) [r � logq� (zjx )] = 0 �X �r�2 �b�T���`�2 �i�?�2 �`�2���/�2�`
�7�`�Q�K �i�?�2 �2�t�T�`�2�b�b�B�Q�M�b �Q�7 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �J�Q�M�i�2 �*���`�H�Q �2�b�i�B�K���i�2�b�- ���b �i�?�2 �T�`�Q�+�2�b�b �i�Q
�Q�#�i���B�M �i�?�2�K �B�b �b�B�K�B�H���` �i�Q �i�?�2 �Q�M�2 �7�Q�H�H�Q�r�2�/ �B�M �i�?�2 �+���b�2 �Q�7 �i�?�2 �A�q�_�"�X

�� �$�P�O�D�M�V�T�J�P�O

�q�2 �?���p�2 �B�M�i�`�Q�/�m�+�2�/ �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2�- �� �K�2�i�?�Q�/ �i�?���i �b�B�K�T�H�B�}�2�b �i�?�2 �H�2���`�M�B�M�; �T�`�Q�#�@
�H�2�K �#�v ���m�;�K�2�M�i�B�M�; �B�i �r�B�i�? ���/�/�B�i�B�Q�M���H �T���`���K�2�i�2�`�b�X �h�?�2 ���/�/�B�i�B�Q�M���H �T���`���K�2�i�2�` �U�p���`�B�@
���i�B�Q�M���H �T���`���K�2�i�2�`�V �T���`���K�2�i�2�`�B�x�2�b ���M ���T�T�`�Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�`q� (z j x )�- �r�?�B�+�? �+���M �#�2
�m�b�2�/ �i�Q �/�2�}�M�2 �H�Q�r�2�` �#�Q�m�M�/�b �Q�7 �i�?�2 �H�Q�; �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/�X �h�?�2 �`�2�b�m�H�i�B�M�; �p���`�B���i�B�Q�M���H
�Q�#�D�2�+�i�B�p�2�b �2�M���#�H�2 �D�Q�B�M�i �i�`���B�M�B�M�; �Q�7 �i�?�2 �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H ���M�/ �i�?�2 ���T�T�`�Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�`�X

�q�2 �T�`�2�b�2�M�i�2�/ �7�Q�m�` �p���`�B���i�B�Q�M�b �Q�7 �p���`�B���i�B�Q�M���H �Q�#�D�2�+�i�B�p�2�b�, �i�?�2 �2�p�B�/�2�M�+�2 �H�Q�r�2�` �#�Q�m�M�/
�U�1�G�"�P�V�- �i�?�2 �B�K�T�Q�`�i���M�+�2�@�r�2�B�;�?�i�2�/ �#�Q�m�M�/ �U�A�q�"�V�- �i�?�2 �_�û�M�v�B �p���`�B���i�B�Q�M���H �#�Q�m�M�/ �U�_�o�"�V
���M�/ �B�i�bK �@�b���K�T�H�2 �2�b�i�B�K���i�2�- �i�?�2 �B�K�T�Q�`�i���M�+�2�@�r�2�B�;�?�i�2�/ �_�û�M�v�B �#�Q�m�M�/ �U�A�q�_�"�V�X �G���b�i�- �r�2
�/�2�`�B�p�2�/ �;�`���/�B�2�M�i�b �Q�7 �i�?�2 �1�G�"�P ���M�/ �;�`���/�B�2�M�i �2�b�i�B�K���i�Q�`�b �7�Q�` �i�?�2 �A�q�_�"�- �r�?�B�+�? �B�M�+�H�m�/�2
�i�?�2 �A�q�" ���b �� �b�T�2�+�B���H �+���b�2�X

�A�M �*�?���T�i�2�`�d�- �r�2 �r�B�H�H �T�`�2�b�2�M�i �� �M�Q�p�2�H �+�H���b�b �Q�7 �+�Q�M�i�`�Q�H �p���`�B���i�2�b �7�Q�` �i�?�2 �b�+�Q�`�2 �7�m�M�+�i�B�Q�M
�2�b�i�B�K���i�Q�` �Q�7 �i�?�2 �A�q�"�X �A�M �*�?���T�i�2�`�3�- �r�2 �r�B�H�H �/�B�b�+�m�b�b �i�?�2 �m�b�2 �Q�7 �i�?�2 �_�o�" �i�Q �Q�T�i�B�K�B�x�2
�/�2�2�T �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b �K�Q�`�2 �2�z�2�+�i�B�p�2�H�v�X
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�%�F�F�Q �(�F�O�F�S�B�U�J�W�F �.�P�E�F�M�T

�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2 �i�r�Q �K���B�M �+�H���b�b�2�b �Q�7 �i�2�t�i �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H�b �b�i�m�/�B�2�/
�B�M �i�?�2 �`�2�K���B�M�B�M�; �+�?���T�i�2�`�b�, �i�?�2 �o���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�` ���M�/ �i�?�2 �H���M�;�m���;�2 �K�Q�/�2�H�b�-
�+�Q�M�b�B�/�2�`�B�M�; �#�Q�i�? �i�?�2 ���m�i�Q�`�2�;�`�2�b�b�B�p�2 ���M�/ �K���b�F�2�/ �p���`�B���M�i�b�X�R �h�?�B�b �+�?���T�i�2�` �/�Q�2�b �M�Q�i
�+�Q�p�2�` �Q�i�?�2�` �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H�b �b�m�+�? ���b �~�Q�r�b �U�.�B�M�?�- �a�Q�?�H�@�.�B�+�F�b�i�2�B�M�- ���M�/ �"�2�M�;�B�Q �k�y�R�d�c
�E�B�M�;�K�� ���M�/ �.�?���`�B�r���H �k�y�R�3�V�- �2�M�2�`�;�v�@�#���b�2�/ �K�Q�/�2�H�b �U�:�`���i�?�r�Q�?�H �2�i ���H�X �k�y�k�y�c�G�2�*�m�M
�2�i ���H�X �k�y�y�e�V ���M�/ �/�B�z�m�b�B�Q�M �K�Q�/�2�H�b �U�>�Q�- �C���B�M�- ���M�/ ���#�#�2�2�H �k�y�k�y�c�E�B�M�;�K���- �a���H�B�K���M�b�-
�S�Q�Q�H�2�- �2�i ���H�X �k�y�k�R�V�X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�b�- �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �T�`�Q�#�H�2�K �Q�7 �K�Q�/�2�H�H�B�M�;
���M �Q�#�b�2�`�p���#�H�2 �p���`�B���#�H�2x �U�2�X�;�X�- �B�K���;�2�- �i�2�t�i�V �r�B�i�? �� �/�B�b�i�`�B�#�m�i�B�Q�Mp� (x )�X �A�M ���H�H �+���b�2�b�- �r�2
���b�b�m�K�2 �i�?�2 �K�Q�/�2�H �i�Q �#�2 �T���`���K�2�i�2�`�B�x�2�/ �#�v �/�2�2�T �M�2�m�`���H �M�2�i�r�Q�`�F�b�X�k

�� �7�B�S�J�B�U�J�P�O�B�M �"�V�U�P�F�O�D�P�E�F�S�T

�6�Q�` �� �i�m�i�Q�`�B���H �Q�M �o���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�`�b�- �b�2�2
�;�B�i�?�m�#�X�+�Q�K�f�.�2�2�T�G�2���`�M�B�M�;�.�h�l�f�y�k�9�8�e�@�/�2�2�T�@�H�2���`�M�B�M�;�@�r�B�i�?�@�S�v�h�Q�`�+�?�f

�#�H�Q�#�f�K���b�i�2�`�f�d�n�l�M�b�m�T�2�`�p�B�b�2�/
�d�X�k�@�1�s�1�@�p���`�B���i�B�Q�M���H�@���m�i�Q�2�M�+�Q�/�2�`�X�B�T�v�M�#

�h�?�2 �o���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�` �U�o���1�-�E�B�M�;�K�� ���M�/ �q�2�H�H�B�M�; �k�y�R�9�#�c�_�2�x�2�M�/�2�- �J�Q�@
�?���K�2�/�- ���M�/ �q�B�2�`�b�i�`�� �k�y�R�9�V �B�b �� �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H �T���`���K�2�i�2�`�B�x�2�/ �#�v �/�2�2�T �M�2�m�`���H
�M�2�i�r�Q�`�F�b�X �A�i �+�Q�M�b�B�b�i�b �Q�7 �� �;�2�M�2�`���i�B�p�2 �K�Q�/�2�Hp� (x ; z) = p� (z) p� (z j x ) ���M�/ ���M�B�M�7�2�`�@
�2�M�+�2 �M�2�i�r�Q�`�Fq� (z j x )�X �h�?�2 �o���1 �B�b �/�2�b�B�;�M�2�/ �7�Q�` �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 �U�b�2�2 �+�?���T�i�2�`�j�V�c
�i�?�2 �B�M�7�2�`�2�M�+�2 �M�2�i�r�Q�`�Fq� �+�Q�`�`�2�b�T�Q�M�/�b �i�Q ���M ���T�T�`�Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�` �r�B�i�? �p���`�B���i�B�Q�M���H
�T���`���K�2�i�2�`� �X �o���1�b ���`�2 �i�`���B�M�2�/ �#�v �K���t�B�K�B�x�B�M�; �� �p���`�B���i�B�Q�M���H �#�Q�m�M�/ �U�a�2�+�i�B�Q�M�k�-�j ���M�/
�9�V�X

�A�H�H�m�b�i�`���i�B�Q�M�G�2�i�ö�b �+�Q�M�b�B�/�2�` �i�?�2 �p���`�B���#�H�2x �`�2�T�`�2�b�2�M�i�B�M�; �#�B�M���`�v �/���i�� �U�2�X�;�X�- �J�L�A�a�h�V�X
�q�2 �+�?�Q�Q�b�2 ��d�@�/�B�K�2�M�b�B�Q�M���H �/�B���;�Q�M���H �:���m�b�b�B���M �T�`�B�Q�`�- �T���`���K�2�i�2�`�B�x�2 �i�?�2 �T�Q�b�i�2�`�B�Q�` �r�B�i�?
�M�2�m�`���H �M�2�i�r�Q�`�F�bg�

� ���M�/g�
� ���M�/ �T���`���K�2�i�2�`�B�x�2 �i�?�2 �/�2�+�Q�/�2�` �r�B�i�? �� �M�2�m�`���H �M�2�i�r�Q�`�Ff � �-

�R���H�i�?�Q�m�;�? �K���b�F�2�/ �H���M�;�m���;�2 �K�Q�/�2�H�b �H�B�F�2 �"�1�_�h �U�.�2�p�H�B�M �2�i ���H�X �k�y�R�N�V ���`�2 �M�Q�i �� �b�i�`�B�+�i�H�v �b�T�2���F�B�M�; ��
�;�2�M�2�`���i�B�p�2 �K�Q�/�2�H�b�- �r�2 �B�M�+�H�m�/�2 �i�?�2�K �?�2�`�2 �i�Q �b�B�K�T�H�B�7�v �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �i�?�2�b�B�b�X �q�2 �`�2�7�2�` �i�?�2 �`�2���/�2�`
�i�Q�>�Q�Q�;�2�#�Q�Q�K �2�i ���H�X �k�y�k�R�7�Q�` �� �/�B�b�+�m�b�b�B�Q�M �Q�M �i�?�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �K���b�F�2�/ �H���M�;�m���;�2 �K�Q�/�2�H�b ���b ���M
�B�M�b�i���M�+�2 �Q�7 ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �/�B�z�m�b�B�Q�M �K�Q�/�2�H�X

�k�a�2�2�:�Q�Q�/�7�2�H�H�Q�r�- �"�2�M�;�B�Q�- ���M�/ �*�Q�m�`�p�B�H�H�2 �k�y�R�e�7�Q�` ���M �B�M�i�`�Q�/�m�+�i�B�Q�M �i�Q �/�2�2�T �H�2���`�M�B�M�;�X



���� �� �%�F�F�Q �(�F�O�F�S�B�U�J�W�F �.�P�E�F�M�T

���H�H �r�B�i�? �Q�m�i�T�m�i �/�B�K�2�M�b�B�Q�Md�X �A�M �i�?���i �+���b�2�- �� �b�B�K�T�H�2 �o���1 �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b�,

p� (x j z) =Bernoulli( f � (z)) �U�9�X�R���V

p� (z) = N (0; I ) �U�9�X�R�#�V

q� (z j x ) = N (g�
� (x ); expg�

� (x )) : �U�9�X�R�+�V

�r�?�2�`�2 �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�Mq� (z j x ) �+���M �B�b �`�2�T���`���K�2�i�2�`�B�x���#�H�2 �#�2�+���m�b�2 �i�?�2 �b���K�@
�T�H�B�M�; �T�`�Q�+�2�b�bz � N (g�

� (x ); expg�
� (x )) �B�b �2�[�m�B�p���H�2�M�i �i�Qz = g�

� (x ) + � � expg�
� (x ); � �

N (0; I )) �X �h�?�2 �`�2�b�m�H�i�B�M�; �o���1 �+���M �#�2 �Q�T�i�B�K�B�x�2�/ �m�b�B�M�; �i�?�2 �2�p�B�/�2�M�+�2 �H�Q�r�2�` �#�Q�m�M�/ �U�a�2�+�@
�i�B�Q�M�k�V�,

L (x) = Eq� (zjx ) [logp� (x j z)]
| {z }

�U���Vreconstruction

� D KL (q� (z j x ) k p� (z))
| {z }

�U�"�Vregularization

: �U�9�X�k�V

�r�?�B�+�? �+���M �#�2 �Q�T�i�B�K�B�x�2�/ �2�M�/�@�i�Q�@�2�M�/ �m�b�B�M�; �i�?�2 �T���i�?�r�B�b�2 �2�b�i�B�K���i�Q�` �U�a�2�+�i�B�Q�M�k�X�R�V�X ���i
�2�p���H�m���i�B�Q�M �i�B�K�2�- �i�?�2 �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/ �+���M �#�2 ���T�T�`�Q�t�B�K���i�2�/ �m�b�B�M�; �i�?�2 �B�K�T�Q�`�i���M�+�2�@
�r�2�B�;�?�i�2�/ �#�Q�m�M�/ �U�1�[�m���i�B�Q�M�j�X�R�y�V �r�B�i�? �� �b���K�T�H�2 �#�m�/�;�2�i ���b �H���`�;�2 ���b �T�Q�b�b�B�#�H�2�X

�.�2�b�B�;�M�B�M�; �o���1�b�o���1�b �+�Q�K�2 �B�M �K���M�v �b�?���T�2�b ���M�/ �7�Q�`�K�b�X�j �q�2 �+���M �B�/�2�M�i�B�7�v �i�?�`�2�2
�/�2�b�B�;�M �/�B�K�2�M�b�B�Q�M�b�, �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�Mq� (z j x )�- �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2
�T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�Mp� (z)�- �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �K�Q�/�2�Hp� (x j z)�X �1���+�? �K�Q�/�2�H �+���M
�#�2 �/�2�b�B�;�M�2�/ �r�B�i�? ���M ���`�#�B�i�`���`�v �7���+�i�Q�`�B�x���i�B�Q�M �U�2�X�;�X�- ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �/�2�+�Q�/�2�`�- �?�B�2�`���`�+�?�B�+���H
�T�`�B�Q�`�- ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �T�`�B�Q�`�- ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �T�Q�b�i�2�`�B�Q�`�V ���M�/ �p���`�B�Q�m�b �#���b�2 �/�B�b�i�`�B�#�m�i�B�Q�M�b
�+���M �#�2 �2�K�T�H�Q�v�2�/ �r�B�i�?�B�M �2���+�? �Q�7 �i�?�2 �i�?�`�2�2 �+�Q�K�T�Q�M�2�M�i�b �U�2�X�;�X�- �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b�-
�~�Q�r�b �Q�` �+���i�2�;�Q�`�B�+���H �/�B�b�i�`�B�#�m�i�B�Q�M�b�V�X �A�M �*�?���T�i�2�`�8�- �r�2 �T�`�2�b�2�M�i ���M �2�t���K�T�H�2 �Q�7 �o���1 �r�B�i�?
���M ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �/�2�+�Q�/�2�` ���M�/ �r�?�B�+�? �T�`�B�Q�` �7���+�i�Q�`�B�x�2�b ���b �� �/�2�2�T �?�B�2�`���`�+�?�v �Q�7 �H���i�2�M�i
�p���`�B���#�H�2�b�- �2���+�? �Q�7 �r�?�B�+�? �B�b �K�Q�/�2�H�H�2�/ �#�v �� �#���b�2 �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�X

�h�`���B�M�B�M�; �Q�#�D�2�+�i�B�p�2�b�h�?�2 �p���`�B���i�B�Q�M���H �Q�#�D�2�+�i�B�p�2�b �T�`�2�b�2�M�i�2�/ �B�M �*�?���T�i�2�`�j ���`�2 ���H�H �p���H�B�/
�+���M�/�B�/���i�2�b �i�Q �i�`���B�M �o���1�b�- ���H�i�?�Q�m�;�? �i�?�2 �2�p�B�/�2�M�+�2 �H�Q�r�2�` �#�Q�m�M�/ �B�b �K�Q�`�2 �i�v�T�B�+���H�X �o���`�B�@
���i�B�Q�M���H �Q�#�D�2�+�i�B�p�2�b ���`�2 �b�Q�K�2�i�B�K�2�b ���H�i�2�`�2�/ �i�Q �+�B�`�+�m�K�p�2�M�i �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�b �Q�` �i�Q
�T�`�Q�K�Q�i�2 �H�2���`�M�B�M�; �m�b�2�7�m�H �H���i�2�M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M�b�X

�S�Q�b�i�2�`�B�Q�` �+�Q�H�H���T�b�2�h�?�2 �2�p�B�/�2�M�+�2 �H�Q�r�2�` �#�Q�m�M�/ �U�1�[�m���i�B�Q�M�9�X�k�V �B�b �+�Q�K�T�Q�b�2�/ �Q�7 �U���V
�� �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �i�2�`�K ���M�/ �U�"�V �� �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K �i�?���i �T�m�b�?�2�b �i�?�2 ���T�T�`�Q�t�B�K���i�2
�T�Q�b�i�2�`�B�Q�` �i�Q ���H�B�;�M �r�B�i�? �i�?�2 �T�`�B�Q�`�X �A�M �T�`���+�i�B�+�2�- �i�?�2 �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K �K�B�;�?�i �+�Q�H�H���T�b�2
�i�Q �x�2�`�Q�- �H�2���/�B�M�; �i�Q �i�?�2 �H���i�2�M�i �p���`�B���#�H�2�b �#�2�B�M�; �m�M�m�b�2�/�X�S�Q�b�i�2�`�B�Q�` �+�Q�H�H���T�b�2�+���M �#�2 ���p�Q�B�/�2�/
�#�v �r�2���F�2�M�B�M�; �i�?�2 �/�2�+�Q�/�2�` �U�"�Q�r�K���M �2�i ���H�X �k�y�R�e�c�*�?�2�M �2�i ���H�X �k�y�R�d�#�V �Q�` �#�v �K�Q�/�B�7�v�B�M�;
�i�?�2 �i�`���B�M�B�M�; �Q�#�D�2�+�i�B�p�2�X�.�2�i�2�`�K�B�M�B�b�i�B�+ �r���`�K�@�m�T�U�"�Q�r�K���M �2�i ���H�X �k�y�R�e�c�a�à�M�/�2�`�#�v �2�i ���H�X
�k�y�R�e�V �+�Q�M�b�B�b�i�b �B�M ���H�i�2�`�B�M�; �i�?�2 �2�p�B�/�2�M�+�2 �H�Q�r�2�` �#�Q�m�M�/ �r�B�i�? �� �T���`���K�2�i�2�`� �,

L � (x ) = Eq� (zjx ) [logp� (x j z)] � � � DKL (q� (z j x ) k p� (z)) ; �U�9�X�j�V

�j �q�2 �`�2�+�Q�K�K�2�M�/�E�B�M�;�K�� ���M�/ �q�2�H�H�B�M�; �k�y�R�N�7�Q�` �� �+�Q�K�T�H�2�i�2 �#���+�F�;�`�Q�m�M�/ �Q�M �o���1�b



�� �-�B�O�H�V�B�H�F �.�P�E�F�M�T ����

�r�?�B�+�? �+���M �#�2 �B�M�+�`�2���b�2�/ �7�`�Q�K �x�2�`�Q �i�Q �Q�M�2 �/�m�`�B�M�; �2���`�H�v �i�`���B�M�B�M�; �b�m�+�? ���b �i�Q �`�2�/�m�+�2 �i�?�2
�2�z�2�+�i �Q�7 �i�?�2 �`�2�;�m�H���`�B�x�B�M�; �i�2�`�K�X ���H�i�2�`�M���i�B�p�2�H�v�- �i�?�2 �Q�#�D�2�+�i�B�p�2 �+���M �#�2 �K�Q�/�B�}�2�/ �r�B�i�? ���M
���K�Q�m�M�i �Q�7� �7� �̀2�2 �#�B�i�b�U�E�B�M�;�K�� �2�i ���H�X �k�y�R�e�V�- �r�?�B�+�? ���T�T�`�Q�t�B�K���i�2�H�v �+�Q�`�`�2�b�T�Q�M�/�b �i�Q�,

L � (x ) = Eq� (zjx ) [logp� (x j z)] � maxf �; DKL (q� (z j x ) k p� (z))g : �U�9�X�9�V

�_�2�T�`�2�b�2�M�i���i�B�Q�M �H�2���`�M�B�M�;�A�M �b�Q�K�2 �K�Q�/�2�H�H�B�M�; �b�+�2�M���`�B�Q�b�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �H�2���`�M �H���@
�i�2�M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �i�?���i ���`�2 ���H�B�;�M�2�/ �r�B�i�? �?�B�;�?�@�H�2�p�2�H �7�2���i�m�`�2�b �b�m�+�? ���b �� �+�H���b�b �H���#�2�H�X
�A�/�2���H�H�v�- �i�?�2�b�2 �7�2���i�m�`�2�b ���`�2 �+�Q�K�T���+�i ���M�/ �2���b�B�H�v �`�2�@�m�b���#�H�2 �7�Q�` �/�Q�r�M�b�i�`�2���K �i���b�F�b�X �L�Q�@
�i���#�H�v�-�>�B�;�;�B�M�b �2�i ���H�X �k�y�R�d�b�?�Q�r�2�/ �i�?���i �B�M�+�`�2���b�B�M�; �i�?�2 �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K �B�M �1�[�m���i�B�Q�M
�9�X�j�#�v �b�+���H�B�M�; �i�?�2 �T���`���K�2�i�2�`� �m�T �+���M �T�`�Q�K�Q�i�2 �H�2���`�M�B�M�; �Q�7�/�B�b�2�M�i���M�;�H�2�/�`�2�T�`�2�b�2�M�i���@
�i�B�Q�M�b�X �L�Q�M�2�i�?�2�H�2�b�b�- �b�m�+�? �7�2���i�m�`�2�b ���`�2 �/�B�{�+�m�H�i �i�Q �H�2���`�M �r�B�i�?�Q�m�i ���/�/�B�i�B�Q�M���H �b�m�T�2�`�p�B�b�B�Q�M�X
�A�M �T�`���+�i�B�+�2�- �b�2�K�B�@�b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; �U�E�B�M�;�K�� �2�i ���H�X �k�y�R�9�V ���H�H�Q�r�b ���H�B�;�M�B�M�; �i�?�2 �H���i�2�M�i
�`�2�T�`�2�b�2�M�i���i�B�Q�M�b �r�B�i�? �F�M�Q�r�M �7�2���i�m�`�2�b �B�M �� �K�Q�`�2 �T�`�2�/�B�+�i���#�H�2 �r���v�X

�� �-�B�O�H�V�B�H�F �.�P�E�F�M�T

�6�Q�` �� �i�m�i�Q�`�B���H �Q�M �H���M�;�m���;�2 �K�Q�/�2�H�H�B�M�;�- �_�L�L�b ���M�/ �h� �̀��M�b�7�Q�`�K�2�`�b�- �b�2�2
�;�B�i�?�m�#�X�+�Q�K�f�.�2�2�T�G�2���`�M�B�M�;�.�h�l�f�y�k�9�8�e�@�/�2�2�T�@�H�2���`�M�B�M�;�@�r�B�i�?�@�S�v�h�Q�`�+�?�f

�#�H�Q�#�f�K���b�i�2�`�f�8�n�h�`���M�b�7�Q�`�K�2�`�b�f
�8�n�R�n�1�s�1�n�/�2�2�T�n�H�2���`�M�B�M�;�n�r�B�i�?�n�i�`���M�b�7�Q�`�K�2�`�b�X�B�T�v�M�#

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �i�?�2 �p���`�B���#�H�2x ���M ���`�#�B�i�`���`�v �T�B�2�+�2 �Q�7 �i�2�t�i �2�M�+�Q�/�2�/ ���i �i�?�2 �+�?���`���+�i�2�`�@
�H�2�p�2�H�- �r�Q�`�/�@�H�2�p�2�H�- �Q�` �b�m�#�@�r�Q�`�/ �H�2�p�2�H �U�a�2�M�M�`�B�+�?�- �>���/�/�Q�r�- ���M�/ �"�B�`�+�? �k�y�R�e�c�a�Q�M�; �2�i ���H�X
�k�y�k�R�V�X ���7�i�2�` �i�Q�F�2�M�B�x���i�B�Q�M�- �i�?�2 �p���`�B���#�H�2x �/�2�+�Q�K�T�Q�b�2�b �B�M�i�Q �� �b�2�[�m�2�M�+�2 �Q�7T �i�Q�F�2�M�b
x1; : : : ; xT �X ���H���M�;�m���;�2 �K�Q�/�2�H�+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�Mp� (x )�X ���H�i�?�Q�m�;�?
�b�B�K�T�H�2 �H���M�;�m���;�2 �K�Q�/�2�H�b �+���M �#�2 �/�2�}�M�2�/ �m�b�B�M�; �M�@�;�`���K �K�Q�/�2�H�b�- �B�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �/�B�b�+�m�b�b
�i�?�Q�b�2 �T���`���K�2�i�2�`�B�x�2�/ �#�v �/�2�2�T �M�2�m�`���H �M�2�i�r�Q�`�F�b�X

���m�i�Q�`�2�;�`�2�b�b�B�p�2 �H���M�;�m���;�2 �K�Q�/�2�H�b�J�Q�b�i �Q�7 �i�?�2 ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �H���M�;�m���;�2 �K�Q�/�2�H�b
���/�Q�T�i �� �H�2�7�i�@�i�Q�@�`�B�;�?�i �7���+�i�Q�`�B�x���i�B�Q�M �Q�7 �i�?�2 �i�Q�F�2�M�b�,

p� (x ) =
TY

t =1

p� (x t j x<t ) ; �U�9�X�8�V

�r�?�2�`�2x<t = x1; : : : ; x t � 1�X �1���+�? �i�`���M�b�B�i�B�Q�M �K�Q�/�2�Hp� (x t j x<t ) �B�b �T���`���K�2�i�2�`�B�x�2�/ �#�v ��
�M�2�m�`���H �M�2�i�r�Q�`�Ff � �b�m�+�? �i�?���i�,

p� (x t j x<t ) = Cat ( x t j f � (x<t )) : �U�9�X�e�V

�6�Q�` �B�M�b�i���M�+�2�-f � �+���M �#�2 �B�K�T�H�2�K�2�M�i�2�/ �m�b�B�M�; �� �`�2�+�m�`�`�2�M�i �M�2�m�`���H �M�2�i�r�Q�`�F �b�m�+�? ���b ���M
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�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �B�M�i�`�Q�/�m�+�2 �"�A�o���, �i�?�2 �/�2�2�T �?�B�2�`���`�+�?�B�+���H �o���1 �B�M�i�`�Q�/�m�+�2�/ �B�M
�S���T�2�`�� �X �q�2 �B�M�+�H�m�/�2 ���M �Q�p�2�`�p�B�2�r �Q�7 �i�?�2 ���`�+�?�B�i�2�+�i�m�`�2 ���M�/ �/�B�b�+�m�b�b �B�i�b ���T�T�H�B�+���i�B�Q�M �i�Q
�H���M�;�m���;�2 �K�Q�/�2�H�H�B�M�;�X �q�2 �`�2�7�2�` �i�Q �S���T�2�`�� �7�Q�` ���M �B�M�@�/�2�T�i�? �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �K�2�i�?�Q�/
���M�/ �� �/�2�i���B�H�2�/ �`�2�p�B�2�r �Q�7 �i�?�2 �2�K�T�B�`�B�+���H �`�2�b�m�H�i�b�X
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�"�A�o�� �U�"�B�/�B� �̀2�+�i�B�Q�M���H�@�A�M�7�2� �̀2�M�+�2 �o���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�`�V �B�b �� �o���1 �r�?�B�+�? �T�`�B�Q�` �7���+�@
�i�Q�`�B�x�2�b ���b ���i�Q�T�@�/�Q�r�M�/�2�2�T �?�B�2�`���`�+�?�v �Q�7 �H���i�2�M�i �p���`�B���#�H�2�b�X �h�?�2 �B�M�7�2�`�2�M�+�2 �M�2�i�r�Q�`�F �B�b
�/�2�+�Q�K�T�Q�b�2�/ �B�M�i�Q �i�r�Q �T���`�i�b�, �Q�M�2 �i�?���i ���/�Q�T�i�b ���#�Q�i�i�Q�K�@�m�T�7���+�i�Q�`�B�x���i�B�Q�M �Q�7 �i�?�2 �H���i�2�M�i
�p���`�B���#�H�2�b ���M�/ ���M�Q�i�?�2�` �i�?���i ���/�Q�T�i�b �i�?�2 �`�2�p�2�`�b�2 �Q�`�/�2�`�, ���#�Q�i�i�Q�K�@�m�T�7���+�i�Q�`�B�x���i�B�Q�M�X �a�2�2
�6�B�;�m�`�2�8�X�8�7�Q�` ���M �B�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2 ���`�+�?�B�i�2�+�i�m�`�2�X

�:�2�M�2�`���i�B�p�2 �K�Q�/�2�H�h�?�2 �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H �Q�7 �"�A�o�� �B�b �B�/�2�M�i�B�+���H �i�Q �i�?�2 �Q�M�2 �Q�7 ��
�b�i���M�/���`�/ �?�B�2�`���`�+�?�B�+���H �o���1 �r�B�i�? �b�F�B�T �+�Q�M�M�2�+�i�B�Q�M�b�X �:�B�p�2�M ���M �Q�#�b�2�`�p�2�/ �p���`�B���#�H�2x ���M�/
�� �/�2�T�i�?L �- �B�i �B�b �/�2�}�M�2�/ ���b�,

p� (x ; z) := p� (x j z) p� (zL )
L � 1Y

i =1

p� (zi j z>i ) ; �U�8�X�R�V

�r�?�2�`�2 �2���+�? �p���`�B���#�H�2z1; : : : ; zL �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �H�2�p�2�H �B�M �i�?�2 �?�B�2�`���`�+�?�v�X �1���+�? �i�`���M�b�B�@
�i�B�Q�Mp� (zi j z>i ) �B�b �� �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M �T���`���K�2�i�2�`�B�x�2�/ �#�v �:���i�2�/ �_�2�b�L�2�i �#�H�Q�+�F�b
�+�Q�K�T�Q�b�2�/ �Q�7 �+�Q�M�p�Q�H�m�i�B�Q�M���H �M�2�m�`���H �M�2�i�r�Q�`�F�b �U�*�L�L�b�V�k �r�B�i�? �b�F�B�T�@�+�Q�M�M�2�+�i�B�Q�M�b �H�2�i�i�B�M�;
�2���+�? �H���v�2�` �Q�7 �B�M�/�2�ti �`�2�+�2�B�p�2 �B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K �i�?�2 ���#�Q�p�2 �p���`�B���#�H�2�bz>i = f zi +1 ; : : : zL g�X
�h�?�2 �i�Q�T �H���v�2�` �B�b �� �b�B�K�T�H�2 �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�Mp� (zL ) = N (zL j 0; I )�X

�"�B�/�B�`�2�+�i�B�Q�M���H �B�M�7�2�`�2�M�+�2 �M�2�i�r�Q�`�F�P�M �i�?�2 �B�M�7�2�`�2�M�+�2 �b�B�/�2 �Q�7 �i�?�2 �K�Q�/�2�H�- �2���+�? �H���i�2�M�i
�p���`�B���#�H�2zi �B�M �i�?�2 �?�B�2�`���`�+�?�v �r�B�i�? �T�Q�b�B�i�B�Q�Mi < L �B�b �/�2�+�Q�K�T�Q�b�2�/ �B�M�i�Q �i�r�Q �T���`�i�b�- �Q�M�2 �7�Q�`
�i�?�2�i�Q�T�@�/�Q�r�M�T���i�? ���M�/ ���M�Q�i�?�2�` �7�Q�` �i�?�2�#�Q�i�i�Q�K�@�m�T�T���i�?�,

zi = [ z�h�.
i ; z�"�l

i ]; i 2 [1; L � 1] ; �U�8�X�k�V

�R�_�2���/ �K�Q�`�2 ���#�Q�m�i �/�2�2�T �o���1�b �B�M�*�?�B�H�/ �k�y�k�R�c�E�B�M�;�K�� �2�i ���H�X �k�y�R�e�c�J�����H�à�2 �2�i ���H�X �k�y�R�N�c�a�à�M�/�2�`�#�v
�2�i ���H�X �k�y�R�e�c�o���?�/���i ���M�/ �E���m�i�x �k�y�k�y�X

�k�h�?�2 �/�2�b�B�;�M �Q�7 �i�?�2 �:���i�2�/ �_�2�b�L�2�i �r���b �B�M�b�T�B�`�2�/ �7�`�Q�K�E�B�M�;�K�� �2�i ���H�X �k�y�R�e
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�h�?�B�b �7���+�i�Q�`�B�x���i�B�Q�M �b�T�H�B�i�b �i�?�2 �?�B�2�`���`�+�?�v �B�M�i�Q �i�r�Q �T���i�?�b�- �r�?�B�+�? �2���+�? �7���+�i�Q�`�B�x�2 �B�M �Q�T�T�Q�b�B�i�2
�/�B�`�2�+�i�B�Q�M�b�, �� �#�Q�i�i�Q�K�@�m�T �T���i�? �U�B�X�2�X�-p(z) =

Q
i p(zi j z<i )�V ���M�/ �� �i�Q�T�@�/�Q�r�M �T���i�? �U�B�X�2�X

p(z) =
Q

i p(zi j z>i )�V�X �"�Q�i�? �T���i�?�b ���`�2 �T���`���K�2�i�2�`�B�x�2�/ �#�v �:���i�2�/ �_�2�b�L�2�i �#�H�Q�+�F�b ���M�/
�i�?�2 �i�Q�T�@�/�Q�r�M �T���i�? �b�?���`�2�b �T���`���K�2�i�2�` �r�B�i�? �i�?�2 �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H�- ���b �Q�`�B�;�B�M���H�H�v �/�Q�M�2 �B�M
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q� (z j x ) := q� (zL j x ; z�"�l
<L )

L � 1Y

i =1

q� (z�"�l
i j x ; z�"�l

<i )
| {z }

�#�Q�i�i�Q�K�@�m�T

q�;� (z�h�.
i j x ; z�h�.

>i ; z�"�l
<i ; z�"�l

>i )
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�:�G�P�q �E�B�M�;�K�� ���M�/ �.�?���`�B�r���H �k�y�R�3 �6�H�Q�r �� = 3 :35
�6�H�Q�r�Y�Y�>�Q �2�i ���H�X �k�y�R�N �6�H�Q�r �� = 3 :08
�"�A�o�� �J�����H�à�2 �2�i ���H�X �k�y�R�N �o���1 �R�8 � 3:08
�L�o���1y �o���?�/���i ���M�/ �E���m�i�x �k�y�k�y �o���1 �j�y � 2:91
�o�2�`�v �.�2�2�T �o���1y �*�?�B�H�/ �k�y�k�R �o���1 �9�8 � 2:91
�.�.�S�J y �>�Q�- �C���B�M�- ���M�/ ���#�#�2�2�H �k�y�k�y �.�B�z�X �R�F � 3:70
�o�.�J y �E�B�M�;�K���- �a���H�B�K���M�b�- �S�Q�Q�H�2�- �2�i ���H�X �k�y�k�R�.�B�z�X �R�y�F � 2:65
y �*�Q�M�i�2�K�T�Q�`���`�v �r�Q�`�F �Q�` �T�m�#�H�B�b�?�2�/ ���7�i�2�` �"�A�o���X

�h���#�H�2 �8�X�R�,�h�2�b�i �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/ �Q�M �*�A�6���_�@�R�y �7�Q�` �"�A�o�� ���M�/ �Q�i�?�2�` �/�2�2�T �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H�b�X
�h�?�2 �H�B�F�2�H�B�?�Q�Q�/ �B�b ���T�T�`�Q�t�B�K���i�2 �m�b�B�M�; �i�?�2 �B�K�T�Q�`�i���M�+�2�@�r�2�B�;�?�i�2�/ �#�Q�m�M�/ �r�B�i�?K = 1000�X �q�2
�`�2�T�Q�`�i �i�?�2 �M�m�K�#�2�` �Q�7 �H���v�2�`�b �Q�7 �H���i�2�M�i �p���`�B���#�H�2�b �r�?�2�M ���T�T�H�B�+���#�H�2 �U�/�2�T�i�?�V ���b �r�2�H�H ���b �i�?�2 �i�v�T�2
�Q�7 �K�Q�/�2�H �U���m�i�Q�`�2�;�`�2�b�b�B�p�2�- �o���1�- �~�Q�r�- �/�B�z�m�b�B�Q�M�V�X �q�2 �b�T�H�B�i �i�?�2 �i���#�H�2 �#�2�i�r�2�2�M �K�Q�/�2�H�b �i�?���i �m�b�2
���m�i�Q�`�2�;�`�2�b�b�B�p�2 �+�Q�K�T�Q�M�2�M�i�b �U�B�M �i�?�2 �T�`�B�Q�` �Q�` �B�M �i�?�2 �/�2�+�Q�/�2�`�V ���M�/ �i�?�2 �Q�i�?�2�`�b�X

�G���i�2�M�i �p���`�B���#�H�2 �H���M�;�m���;�2 �K�Q�/�2�H�"�A�o�� �B�b ���/���T�i�2�/ �i�Q �b�2�[�m�2�M�i�B���H �/���i�� �#�v �`�2�T�H���+�B�M�;
�i�?�2 �k�. �+�Q�M�p�Q�H�m�i�B�Q�M�b �B�M �i�?�2 �:���i�2�/ �_�2�b�L�2�i�b �r�B�i�? �R�. �+�Q�M�p�Q�H�m�i�B�Q�M�b�X ���b �/�Q�M�2 �B�M �`�2�H���i�2�/
�r�Q�`�F�- �r�2 ���m�;�K�2�M�i�2�/ �"�A�o�� �r�B�i�? ���M ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �+�Q�M�/�B�i�B�Q�M���H �H���M�;�m���;�2 �K�Q�/�2�H�,

p� (x j z) :=
TY

t =1

p� (x t j x<t ; z) ; �U�8�X�9�V

�r�?�2�`�2x �B�b �� �b�2�M�i�2�M�+�2 �2�M�+�Q�/�2�/ ���i �i�?�2 �r�Q�`�/ �H�2�p�2�H �B�M�i�Q �[ �b�2�[�m�2�M�+�2x1; : : : ; xT ���M�/
p� (x t j x<t ; z) �B�b �T���`���K�2�i�2�`�B�x�2�/ �#�v ���M �G�a�h�J �U�>�Q�+�?�`�2�B�i�2�` ���M�/ �a�+�?�K�B�/�?�m�#�2�` �R�N�N�d�V�X
�q�2 ���H�b�Q �2�t�T�2�`�B�K�2�M�i�2�/ �r�B�i�?�Q�m�i �G�a�h�J �/�2�+�Q�/�2�`�- �B�M �i�?���i �+���b�2 �r�2 �/�2�}�M�2p� (x j z) :=
Q T

t =1 p� (x t j z)�X

�E�2�v �}�M�/�B�M�;�b�h���#�H�2�8�X�k�`�2�T�Q�`�i�b �i�?�2 �H�B�F�2�H�B�?�Q�Q�/ ���M�/ �H���i�2�M�i �p���`�B���#�H�2 �m�b���;�2 �K�2���b�m�`�2�/
�#�v �i�?�2 �E�G �/�B�p�2�`�;�2�M�+�2DKL (q� (z j x )kp� (z)) �Q�7 �"�A�o�� ���M�/ �i�?�2 �#���b�2�H�B�M�2 �K�Q�/�2�H�b �m�M�/�2�`
�+�Q�K�T���`���#�H�2 �T���`���K�2�i�2�` �#�m�/�;�2�i�b ���M�/ �m�b�B�M�; �i�?�2 �b���K�2 �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�+�?�M�B�[�m�2 �U�7� �̀2�2�#�B�i�b
�Y �}�M�2�@�i�m�M�B�M�; �r�B�i�?�Q�m�i �`�2�;�m�H���`�B�x���i�B�Q�M�V�X �A�M �i�2�`�K�b �Q�7 �H�B�F�2�H�B�?�Q�Q�/ �T�2�`�7�Q�`�K���M�+�2�b�- �"�A�o��
�r�B�i�?�Q�m�i ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �+�Q�K�T�Q�M�2�M�i �B�b �H���`�;�2�H�v �Q�m�i�T�2�`�7�Q�`�K�2�/ �#�v �i�?�2 �T�m�`�2�H�v ���m�i�Q�`�2�;�`�2�b�@
�b�B�p�2 �G�a�h�J �H���M�;�m���;�2 �K�Q�/�2�H�X �*�Q�m�T�H�2�/ �r�B�i�? ���M ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �+�Q�K�T�Q�M�2�M�i�- �"�A�o�� ���M�/
�i�?�2 �Q�i�?�2�` �i�2�t�i �o���1�b �#�`�B�/�;�2 �i�?�2 �;���T �r�B�i�? �i�?�2 �G�a�h�J �#���b�2�H�B�M�2�X �"�A�o�� �T�2�`�7�Q�`�K�2�/ �+�Q�K�@
�T���`���#�H�v �r�B�i�? �i�?�2 �Q�i�?�2�` �i�2�t�i �o���1�b�- ���H�i�?�Q�m�;�? �r�2 �`�2�T�Q�`�i �� �?�B�;�?�2�` �m�b���;�2 �Q�7 �i�?�2 �H���i�2�M�i
�p���`�B���#�H�2�b �7�Q�` �"�A�o���- ���b �K�2���b�m�`�2�/ �#�v �i�?�2 �E�G �/�B�p�2�`�;�2�M�+�2�X



�� �$�P�O�D�M�V�T�J�P�O ����

�S���`���K�2�i�2�`�b� logp� (x ) �E�G

�_�2�b�m�H�i�b �r�B�i�? ���m�i�Q� �̀2�;� �̀2�b�b�B�p�2 �+�Q�K�T�Q�M�2�M�i�b
�G�a�h�J 15:0M = 41:49 �
�G�a�h�J�@�o���1 23:7M � 42:41 5:13
�>�v�#�`�B�/�@�o���1 23:7M � 42:24 4:67
�"�A�o�� �G�4�d 23:0M � 42:34 10:15

�_�2�b�m�H�i�b �r�B�i�?�Q�m�i ���m�i�Q� �̀2�;� �̀2�b�b�B�p�2 �+�Q�K�T�Q�M�2�M�i�b
�>�v�#�`�B�/�@�o���1 15:0M � 54:53 14:10
�"�A�o�� �G�4�d 14:0M � 54:13 15:33

�h���#�H�2 �8�X�k�,�G���M�;�m���;�2 �K�Q�/�2�H�H�B�M�; �r�B�i�? �"�A�o���X �q�2 �`�2�T�Q�`�i �i�?�2 �i�2�b�i �H�B�F�2�H�B�?�Q�Q�/ �U�K�2���b�m�`�2�/
�r�B�i�? �i�?�2 �1�G�"�P�V ���M�/ �i�?�2 �E�G �/�B�p�2�`�;�2�M�+�2DKL (q� (z j x ) k p� (z)) �X �"�A�o�� ���+�?�B�2�p�2�b �?�B�;�?�2�`
�E�G �/�B�p�2�`�;�2�M�+�2�b �i�?���M �i�?�2 �#���b�2�H�B�M�2 �K�Q�/�2�H�b �7�Q�` �� �+�Q�K�T���`���#�H�2 �H�B�F�2�H�B�?�Q�Q�/�- �B�M�/�B�+���i�B�M�; �� �#�2�i�i�2�`
�+�Q�M�/�B�i�B�Q�M�B�M�; �Q�7 �i�?�2 �/�2�+�Q�/�2�` �Q�M �i�?�2 �H���i�2�M�i �p���`�B���#�H�2�b�X �G�a�h�J�@�o���1 �B�b �T�`�2�b�2�M�i�2�/ �B�M�"�Q�r�K���M
�2�i ���H�X �k�y�R�e�X �>�v�#�`�B�/ �o���1 �+�Q�K�#�B�M�2�b �� �*�L�L �2�M�+�Q�/�2�` �r�B�i�? �� �*�L�L�@�G�a�h�J �/�2�+�Q�/�2�` �U�a�2�K�2�M�B�m�i���-
�a�2�p�2�`�v�M�- ���M�/ �"���`�i�? �k�y�R�d�V�X

�� �$�P�O�D�M�V�T�J�P�O

�q�2 �T�`�2�b�2�M�i�2�/ �"�A�o���c ���M �2�t���K�T�H�2 �Q�7 �� �/�2�2�T �o���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�`�X �q�2 �/�B�b�+�m�b�b�2�/
�B�K���;�2 �K�Q�/�2�H�H�B�M�; ���M�/ �i�2�t�i �K�Q�/�2�H�H�B�M�; �2�t�T�2�`�B�K�2�M�i�b�X �"�A�o�� �2�t�+�2�H�H�2�/ ���i �K�Q�/�2�H�H�B�M�; �B�K���;�2�b�-
�T�2�`�7�Q�`�K�B�M�; �+�Q�K�T���`���#�H�v �r�B�i�? �T�Q�r�2�`�7�m�H ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �K�Q�/�2�H�b�X �>�Q�r�2�p�2�`�- �B�M �i�?�2 �i�2�t�i
�/�Q�K���B�M�- �/�2�2�T �o���1�b �K�B�;�?�i �M�Q�i �#�2 �b�m�{�+�B�2�M�i�- ���M�/ �B�i �K�B�;�?�i �M�Q�i �#�2 �T�Q�b�b�B�#�H�2 �i�Q �Q�#�i���B�M
�;�Q�Q�/ �;�2�M�2�`���i�B�p�2 �T�2�`�7�Q�`�K���M�+�2�b �r�B�i�?�Q�m�i ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �+�Q�K�T�Q�M�2�M�i�b�X �>�v�#�`�B�/ �o���1�b�-
�b�m�+�? ���b �"�A�o�� �r�B�i�? ���M �G�a�h�J �/�2�+�Q�/�2�`�- �+���M �H�2���`�M �i�Q �+�Q�M�/�B�i�B�Q�M �i�?�2 �i�2�t�i �;�2�M�2�`���i�B�p�2
�T�`�Q�+�2�b�b �Q�M �H���i�2�M�i �p���`�B���#�H�2�b �#�m�i �i�?�2 �H���i�2�M�i �p���`�B���#�H�2 �/�Q�2�b�M�ö�i �H�2���/ �i�Q �B�K�T�`�Q�p�2�/ �H�B�F�2�H�B�?�Q�Q�/
�T�2�`�7�Q�`�K���M�+�2�b�X

���H�i�?�Q�m�;�? �i�?�2 �i�2�t�i �2�t�T�2�`�B�K�2�M�i �r���b �H�B�K�B�i�2�/ �B�M �B�i�b �/�2�b�B�;�M �/�m�2 �i�Q �i�?�2 �`�2�H���i�B�p�2�H�v �b�K���H�H
�b�+���H�2 �Q�7 �i�?�2 �K�Q�/�2�H�- �i�?�2 �+�?�Q�B�+�2 �i�Q �B�K�T�Q�b�2 �� �}�t�2�/�@�T���`���K�2�i�2�` �#�m�/�;�2�i�- �i�?�2 �m�b�2 �Q�7 �� �b�K���H�H
�/���i���b�2�i ���M�/ �i�?�2 �2�p���H�m���i�B�Q�M �Q�#�D�2�+�i�B�p�2 �U�1�G�"�P�V�- �i�?�B�b �B�M�i�`�Q�/�m�+�i�Q�`�v �i�2�t�i �2�t�T�2�`�B�K�2�M�i �?�B�M�i�b
�i�?���i �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b �/�2�p�2�H�Q�T�2�/ �7�Q�` �i�?�2 �B�K���;�2 �K�Q�/�2�H�b �K�B�;�?�i �M�Q�i �#�2 �b�Q �2���b�B�H�v
���T�T�H�B�2�/ �i�Q �i�2�t�i �K�Q�/�2�H�H�B�M�;�X

�A�M �i�?�2 �v�2���`�b �7�Q�H�H�Q�r�B�M�; �S���T�2�`�� �- �h�`���M�b�7�Q�`�K�2�`�b �?���p�2 �#�2�+�Q�K�2 ���M �B�M�/�B�b�T�2�M�b���#�H�2 �+�Q�K�@
�T�Q�M�2�M�i �7�Q�` �i�2�t�i �K�Q�/�2�H�H�B�M�;�X �A�M �i�?�2 �M�2�t�i �+�?���T�i�2�`�- �r�2 �r�B�H�H �T�`�2�b�2�M�i ���H�i�2�`�M���i�B�p�2�b �i�Q �i�?�2
�b�i���M�/���`�/ �?�v�#�`�B�/ �o���1 ���`�+�?�B�i�2�+�i�m�`�2 �U�2�X�;�X�-�"�Q�r�K���M �2�i ���H�X �k�y�R�e�c�J�����H�à�2 �2�i ���H�X �k�y�R�N�c
�a�2�K�2�M�B�m�i���- �a�2�p�2�`�v�M�- ���M�/ �"���`�i�? �k�y�R�d�V �i�?���i ���H�H�Q�r �?���`�M�2�b�b�B�M�; �i�?�2 �7�m�H�H �T�Q�r�2�` �Q�7 �h�`���M�b�@
�7�Q�`�K�2�`�b �7�Q�` �H���i�2�M�i �p���`�B���#�H�2 �H���M�;�m���;�2 �K�Q�/�2�H�H�B�M�;�X



����



�$�)�"�1�5�&�3��
�-�B�O�H�V�B�H�F �B�T �B

�-�B�U�F�O�U �7�B�S�J�B�C�M�F

�h�?�B�b �+�?���T�i�2�` �+�B�i�2�b �i�r�Q �Q�7 �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �B�M �i�?�B�b �i�?�2�b�B�b�,

�S���T�2� �̀* �, �ó�*���M �H���`�;�2 �H���M�;�m���;�2 �K�Q�/�2�H�b �`�2���b�Q�M ���#�Q�m�i �K�2�/�B�+���H �[�m�2�b�i�B�Q�M�b�\�ô �U�G�B�û�p�B�M�- �>�Q�i�?�2�`�-
���M�/ �q�B�M�i�?�2�` �k�y�k�k�V

�S���T�2� �̀. �, �ó�o���`�B���i�B�Q�M���H �P�T�2�M�@�.�Q�K���B�M �Z�m�2�b�i�B�Q�M ���M�b�r�2�`�B�M�;�ô �U�G�B�û�p�B�M �2�i ���H�X �k�y�k�k�#�V

�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �T�`�2�b�2�M�i �2�t���K�T�H�2�b �Q�7 �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b �r�B�i�? �b�i�`�m�+�i�m�`�2�/
���M�/ �B�M�i�2�`�T�`�2�i���#�H�2 �H���i�2�M�i �b�T���+�2�b�X ���H�i�?�Q�m�;�? �H���i�2�M�i �p���`�B���#�H�2�b ���`�2 �m�M�Q�#�b�2�`�p�2�/�- �F�M�Q�r�H�2�/�;�2
���#�Q�m�i �i�?�2 �m�M�/�2�`�H�v�B�M�; �;�2�M�2�`���i�B�p�2 �T�`�Q�+�2�b�b �+���M �#�2 �2�M�+�Q�/�2�/ �B�M �i�?�2 �/�2�b�B�;�M �Q�7 �i�?�2 �;�2�M�2�`���i�B�p�2
�T�`�Q�+�2�b�b�X�J�B���Q ���M�/ �"�H�m�M�b�Q�K �k�y�R�e�B�b ���M �2�t�+�2�H�H�2�M�i �2�t���K�T�H�2 �Q�7 �� �b�i�Q�+�?���b�i�B�+ �;�2�M�2�`���i�B�p�2
�K�Q�/�2�H �r�?�B�+�? �`�2�H�B�2�b �Q�M�H���M�;�m���;�2 ���b �� �H���i�2�M�i �p���`�B���#�H�2�X �h�?�B�b �;�2�M�2�`���i�B�p�2 �T�`�Q�+�2�b�b �#�`�2���F�b
�/�Q�r�M �B�M�i�Q �i�r�Q �b�i�2�T�b �U�B�V �;�2�M�2�`���i�B�M�; �F�2�v�r�Q�`�/�b �U�H���i�2�M�i �p���`�B���#�H�2�V ���M�/ �U�B�B�V �;�2�M�2�`���i�B�M�; ��
�7�m�H�H�@�H�2�M�;�i�? �i�2�t�i �#���b�2�/ �Q�M �i�?�2 �F�2�v�r�Q�`�/�b �U�Q�#�b�2�`�p���i�B�Q�M�V�X

�A�M �i�?�B�b �i�?�2�b�B�b�- �r�2 �2�t�T�H�Q�`�2�/ �i�r�Q �i�v�T�2�b �Q�7 �K�Q�/�2�H�b �r�?�B�+�? �H���i�2�M�i �p���`�B���#�H�2�b ���`�2 �i�2�t�i �/���i���X
�A�M �S���T�2�`�*�- �i�?�2 �T�`�B�Q�` �B�b �� �H���`�;�2 �H���M�;�m���;�2 �K�Q�/�2�H �i�?���i �;�2�M�2�`���i�2�b �T�Q�b�b�B�#�H�2 �b�i�2�T�@�#�v�@�b�i�2�T
�b�Q�H�m�i�B�Q�M�b �i�Q �� �;�B�p�2�M �r�`�B�i�i�2�M �T�`�Q�#�H�2�K�X �A�M �S���T�2�`�. �- �i�?�2 �H���i�2�M�i �b�T���+�2 �B�b �/�2�}�M�2�/ ���b ��
�H���`�;�2 �+�Q�H�H�2�+�i�B�Q�M �Q�7 �/�Q�+�m�K�2�M�i�b �U�2�X�;�X�- �q�B�F�B�T�2�/�B���V�X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�b�- �r�2 �T�`�2�b�2�M�i
�i�?�2 ���`�+�?�B�i�2�+�i�m�`�2�b �Q�7 �i�?�2 �i�r�Q �K�Q�/�2�H�b�X �1���+�? �K�2�i�?�Q�/ �B�b �/�B�b�+�m�b�b�2�/ �B�M �/�2�T�i�? �B�M �*�?���T�i�2�`�b
�R�y���M�/�N�X

�� �-�B�U�F�O�U �3�F�B�T�P�O�J�O�H

�h�?�B�b �b�2�+�i�B�Q�M �;�B�p�2�b ���M �Q�p�2�`�p�B�2�r �Q�7 �i�?�2 �x�2�`�Q�@�b�?�Q�i �`�2���b�Q�M�B�M�; �H���M�;�m���;�2 �K�Q�/�2�H �7�`�Q�K �S���T�2�`
�*�X �h�?�2 �K�Q�/�2�H ���M�/ �i�?�2 �i�Q�T�B�+ �Q�7 �T�`�Q�K�T�i�@�#���b�2�/ �H�2���`�M�B�M�; ���M�/ �x�2�`�Q�@�b�?�Q�i �`�2���b�Q�M�B�M�; ���`�2
�/�B�b�+�m�b�b�2�/ �B�M �;�`�2���i�2�` �/�2�T�i�? �B�M �*�?���T�i�2�`�N���M�/ �S���T�2�`�*�X

�S�`�Q�K�T�i�@�#���b�2�/ �H�2���`�M�B�M�;�G���`�;�2 �H���M�;�m���;�2 �K�Q�/�2�H�b �b�m�+�? ���b �:�S�h�@�j �U�"�`�Q�r�M �2�i ���H�X
�k�y�k�y���V ���`�2 ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �H�2�7�i�@�i�Q�@�`�B�;�?�i �H���M�;�m���;�2 �K�Q�/�2�H�b �U�B�X�2�Xp� (x ) =

Q
t p� (x t j x<t )�V

�+�Q�M�b�B�b�i�B�M�; �Q�7 �� �H���`�;�2 �M�m�K�#�2�` �Q�7 �T���`���K�2�i�2�`�b �U�R�d�8 �#�B�H�H�B�Q�M �T���`���K�2�i�2�`�b�V ���M�/ �i�`���B�M�2�/ �Q�M
�K���b�b�B�p�2 �i�2�t�i �/���i���b�2�i�b�X �S�`�Q�K�T�i�@�#���b�2�/ �H�2���`�M�B�M�; �B�M�p�Q�H�p�2�b �/�2�b�B�;�M�B�M�; �i�2�t�i �B�M�b�i�`�m�+�i�B�Q�M�b�-
�/�m�#�#�2�/�T� �̀Q�K�T�i�b�- �i�?���i �i�`�B�;�;�2�` �T�`�2�@�i�`���B�M�2�/ �H���M�;�m���;�2 �K�Q�/�2�H�b �i�Q �;�2�M�2�`���i�2 �T�`�2�/�B�+�i�B�Q�M�b�X



���� �� �-�B�O�H�V�B�H�F �B�T �B �-�B�U�F�O�U �7�B�S�J�B�C�M�F

�6�B�;�m�`�2 �e�X�R�,�_�2���b�Q�M�B�M�; ���#�Q�m�i �� �K�2�/�B�+���H �[�m�2�b�i�B�Q�M �m�b�B�M�; �+�Q�M�/�B�i�B�Q�M���H �H���M�;�m���;�2 �K�Q�/�2�H�bp� (z j
y )�X �h�?�2 �[�m�2�b�i�B�Q�M �B�b �i���F�2�M �7�`�Q�K �i�?�2 �J�2�/�J�*�Z�� �/���i���b�2�i�- �i�?�2 �+�?���B�M�@�Q�7�@�i�?�Q�m�;�?�i �U�`�2���b�Q�M�B�M�;�V
�r���b �;�2�M�2�`���i�2�/ �m�b�B�M�; �:�S�h�@�j�X �h�?�2 �i�2�t�i �B�M�#�H�m�2�B�b �� �i�2�t�i �B�M�b�i�`�m�+�i�B�Q�M ���T�T�2�M�/�2�/ �i�Q �i�?�2 �[�m�2�b�i�B�Q�M
�U�B�X�2�X �x�2�`�Q�@�b�?�Q�i �+�?���B�M�@�Q�7�@�i�?�Q�m�;�?�i �T�`�Q�K�T�i�c�E�Q�D�B�K�� �2�i ���H�X �k�y�k�k�V�X

�:�B�p�2�My �� �i���b�F �B�M�T�m�i �U�2�X�;�X�- �[�m�2�b�i�B�Q�M�V ���M�/K �i�?�2 �p���`�B���#�H�2 �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 ���/�/�B�i�B�Q�M���H
�F�M�Q�r�H�2�/�;�2 �2�M�+�Q�/�2�/ �B�M�i�Q �i�?�2 �T�`�Q�K�T�i �U�2�X�;�X�- �i���b�F �B�M�b�i�`�m�+�i�B�Q�M�b�- �i���b�F �2�t���K�T�H�2�b �Q�` �/�Q�K���B�M
�F�M�Q�r�H�2�/�;�2�V�- �r�2 �/�2�M�Q�i�2f �i�?�2 �7�m�M�+�i�B�Q�M �i�?���i �+�Q�K�#�B�M�2�b �i�?�2 �p���`�B���#�H�2�by ���M�/K �B�M�i�Q ��
�T�`�Q�K�T�i �/�2�M�Q�i�2�/f (y ; K)�- �i�?�B�b �B�b �;�2�M�2�`���H�H�v �`�2�7�2�`�`�2�/ �i�Q ���b ���T� �̀Q�K�T�i �i�2�K�T�H���i�2�X

�w�2�`�Q�@�b�?�Q�i �`�2���b�Q�M�B�M�;�w�2� �̀Q�@�b�?�Q�i �+�?���B�M�@�Q�7�@�i�?�Q�m�;�?�i�U�*�Q�h�V �T�`�Q�K�T�i�B�M�; �U�E�Q�D�B�K�� �2�i ���H�X
�k�y�k�k�V ���B�K�b ���i �;�2�M�2�`���i�B�M�; �� �/�2�i���B�H�2�/ �b�i�2�T�@�#�v�@�b�i�2�T �T�`�Q�#�H�2�K �b�Q�H�m�i�B�Q�M�b�- �/�m�#�#�2�/�+�?���B�M�@�Q�7�@
�i�?�Q�m�;�?�i�b�X �h�?�2 �K�2�i�?�Q�/ �B�b �+�Q�M�+�2�T�i�m���H�H�v �b�B�K�T�H�2 ���M�/ �#�Q�B�H�b �/�Q�r�M �i�Q �T�`�Q�K�T�i�B�M�; �� �H���`�;�2
�H���M�;�m���;�2 �K�Q�/�2�H �r�B�i�? �ó�G�2�i�ö�b �i�?�B�M�F �b�i�2�T �#�v �b�i�2�T�ô�X �a�2�2 �6�B�;�m�`�2�e�X�R�7�Q�` ���M �B�H�H�m�b�i�`���i�B�Q�M�X

�G���i�2�M�i �`�2���b�Q�M�B�M�; �K�Q�/�2�H�G�2�i�ö�b �+�Q�M�b�B�/�2�` �� �[�m�2�b�i�B�Q�M�@���M�b�r�2�`�B�M�; �b�2�i�i�B�M�; �r�B�i�? �[�m�2�b�@
�i�B�Q�My ���M�/ ���M�b�r�2�`x ���M�/ ���M ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �H���M�;�m���;�2 �K�Q�/�2�Hp� �X �.�2�M�Q�i�B�M�;�y = f 1(y ; K)
�i�?�2 �x�2�`�Q�@�b�?�Q�i �*�Q�h �T�`�Q�K�T�i �U�6�B�;�m�`�2�e�X�R�V ���m�;�K�2�M�i�B�M�; �i�?�2 �[�m�2�b�i�B�Q�My�- �i�?�2 �T�`�B�Q�` �B�b

p� (z j �y) =
j zjY

t =1

p� (zt j [�y ; z<t ]) �U�e�X�R�V

�r�?�2�`�2[�; �] �/�2�M�Q�i�2�b �i�?�2 �+�Q�M�+���i�2�M���i�B�Q�M �Q�T�2�`���i�Q�`�- ���M�/z �B�b �/�2�}�M�2�/ �Q�M �i�?�2 �i�2�t�i �/�Q�K���B�M�X
�h�?�2 �/�2�+�Q�/�B�M�; �T���`�i �Q�7 �i�?�2 �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H ���M�b�r�2�`�b �i�?�2 �[�m�2�b�i�B�Q�M �#���b�2�/ �Q�M �i�?�2 �[�m�2�b�i�B�Q�M
y ���M�/ �i�?�2 �H���i�2�M�i �+�?���B�M�@�Q�7�@�i�?�Q�m�;�?�iz�X �A�i �`�2�H�B�2�b �Q�M ���M ���M�b�r�2�` �2�t�i�`���+�i�B�Q�M �T�`�Q�K�T�if 2(u; K)
�U�2�X�;�X�- �ó< u > �-�i�?�2� �̀2�7�Q� �̀2�- �i�?�2 ���M�b�r�2�` �B�b�ó�V�X �*�Q�K�#�B�M�B�M�; �i�?�2 �H���i�2�M�i �`�2���b�Q�M�B�M�; �T�`�B�Q�` �r�B�i�?
�i�?�2 ���M�b�r�2�` �2�t�i�`���+�i�B�Q�M �/�2�+�Q�/�2�`�- �r�2 �Q�#�i���B�M �i�?�2 �x�2�`�Q�@�b�?�Q�i ���M�b�r�2�`�B�M�; �K�Q�/�2�H �B�b�,

p�
�
x ; z j y ; K

�
:= p�

�
x j f 2([ �y ; z]; K)

�

| {z }
���M�b�r�2�`�B�M�; �b�i�2�T

p�
�
z j �y

�
;

| {z }
�`�2���b�Q�M�B�M�; �b�i�2�T

: �U�e�X�k�V

�h�?�2 �`�2�b�m�H�i�B�M�; �K���`�;�B�M���H ���M�b�r�2�`�B�M�; �K�Q�/�2�H �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �2�t�T�H�Q�`�B�M�; �i�?�2 �K���M�v �`�2���b�Q�M�B�M�;
�T���i�?�b �i�?���i ���`�2 �H�B�F�2�H�v �m�M�/�2�` �i�?�2 �H���`�;�2 �H���M�;�m���;�2 �K�Q�/�2�H�- �r�?�B�+�? �r�2 �2�t�T�`�2�b�b �?�2�`�2 ���b�,

p� (x j y ; K) = Ep� (zj �y )

h
p� (x j f 2([ �y ; z]; K))

i
: �U�e�X�j�V



�� �-�B�U�F�O�U �*�O�G�P�S�N�B�U�J�P�O �3�F�U�S�J�F�W�B�M ����

�� �-�B�U�F�O�U �*�O�G�P�S�N�B�U�J�P�O �3�F�U�S�J�F�W�B�M

�6�B�;�m�`�2 �e�X�k�,���m�;�K�2�M�i�B�M�; �H���M�;�m���;�2 �K�Q�/�2�H�b �r�B�i�? �H���`�;�2 �F�M�Q�r�H�2�/�;�2 �#���b�2�b�X

�S���T�2�`�. �2�t�T�2�`�B�K�2�M�i�b �r�B�i�? �i�?�2 �i���b�F �Q�7�Q�T�2�M�@�/�Q�K���B�M �[�m�2�b�i�B�Q�M ���M�b�r�2�`�B�M�;�U�P�.�Z���V�- �B�M
�i�?�B�b �b�2�+�i�B�Q�M �r�2 �/�2�i���B�H �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H ���M�/ �/�B�b�+�m�b�b �B�i�b ���T�T�H�B�+���@
�i�B�Q�M �i�Q �H���M�;�m���;�2 �K�Q�/�2�H�H�B�M�; �U�6�B�;�m�`�2�e�X�k�V�X�R

�G���i�2�M�i �F�M�Q�r�H�2�/�;�2 �b�T���+�2�:�B�p�2�M �� �[�m�2�b�i�B�Q�My �r�B�i�? ���M�b�r�2�`x ���M�/ �� �+�Q�H�H�2�+�i�B�Q�M �Q�7N
�/�Q�+�m�K�2�M�i�bD = f z1; : : : ; zN g�- �i�?�2 �P�.�Z�� �i���b�F �+���M �#�2 �7�Q�`�K�m�H���i�2�/ ���b �� �H���i�2�M�i �p���`�B���#�H�2
�K�Q�/�2�H �U�G�2�2�- �*�?���M�;�- ���M�/ �h�Q�m�i���M�Q�p�� �k�y�R�N�V �r�B�i�? �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/ �/�2�}�M�2�/ ���b�,�k

p� (x j y ; D) :=
X

z2 D

p� (x j z; y) p� (z j y) ; �U�e�X�9�V

�r�?�2�`�2p� (x j z; y) �K���+�?�B�M�2 � �̀2���/�B�M�; �+�Q�K�T� �̀2�?�2�M�b�B�Q�M �K�Q�/�2�H���M�/ �r�?�2�`�2p� (z j y) �B�b ��
�/�Q�+�m�K�2�M�i �`�2�i�`�B�2�p�2�`�- �#�Q�i�? �B�K�T�H�2�K�2�M�i�2�/ �m�b�B�M�; �T�`�2�@�i�`���B�M�2�/ �H���M�;�m���;�2 �K�Q�/�2�H�b�X

�_�2�i�`�B�2�p���H�@���m�;�K�2�M�i�2�/ �H���M�;�m���;�2 �K�Q�/�2�H�H�B�M�;�P�.�Z�� �+���M �#�2 �b�2�2�M ���b �� �b�T�2�+�B���H �+���b�2
�Q�7 �H���i�2�M�i �p���`�B���#�H�2 �K���b�F�2�/ �H���M�;�m���;�2 �K�Q�/�2�H�X �:�B�p�2�M ���M �B�M�T�m�i �b�2�[�m�2�M�+�2x �r�B�i�? �K���b�F�2�/
�i�Q�F�2�M�bxm ���M�/ �r�B�i�? �`�2�K���B�M�B�M�; �m�M�K���b�F�2�/ �i�Q�F�2�M�bx � m �- �� �`�2�i�`�B�2�p���H�@���m�;�K�2�M�i�2�/ �H���M�;�m���;�2
�K�Q�/�2�H�H�B�M�; �U�_�1���G�J�-�:�m�m �2�i ���H�X �k�y�k�y�V �B�b �/�2�}�M�2�/ ���b�,

p� (xm j x � m ) =
X

z2 D

p� (xm j z; x � m ) p� (z j x � m ) ; �U�e�X�8�V

�r�?�B�+�? �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �P�.�Z�� �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/ �U�1�[�m���i�B�Q�M�e�X�9�V �m�b�B�M�;y = x � m

���M�/x = xm �X �_�2�i�`�B�2�p���H�@���m�;�K�2�M�i���i�B�Q�M �+���M ���H�b�Q �#�2 ���T�T�H�B�2�/ �i�Q ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �H���M�;�m���;�2
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